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ABSTRACT ' /

“ s ' .
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,

A new diagnostic modeling., system for automatically synthesizing a deep ;
structure model of a student's’miscon egtions or bugs in his basic mathematic %
skills provides a mechanism for explaining why a’student is making a mistake
.as opposed to si ntifying the mistake. .This report consists of three
sections: TheAirst provjdes examples of the problems that must be handled -
- by a diagno then introduces procedural networks ,as a general '
. framework fpr represe g the knowledge underlying a skill. The challenge
esentation is to find one that fagilitates the discovery
".of misconception bugs existing in a particular student' £ encoding of
this knowledg nd section discusses some of the pedagogical issués
’".that ‘have emerjed from the use oNdiagnostic models within an instruqﬁional
system. 'This discussion is framed\in the context of a computer-based
tutoring/gamifg system developed td teach students and student teachers how
to diagnose blugs strategicall ell as how to provide a better understanding
of the underlying structure o!’ Tithmetic skills. The’third section describes
- our. uses of an'executable netwdrk as a tool for automatically diagnosing studgnt
' behavior, for automatically gen ng ' gnostic" tests, and £or judfing the
4diagnostic quality of a given exa Incluyded in this section is-a discussion dpwr
of the success of this system in g\égnosing 1300 school students from a data
. base of 20 000 test items.




o ". Preface ;
./-/ +* /‘ﬁ \ e -

In our ICAI Report No. 4 entitled "Aspects of. a Theory ' for

-

Automated Student Modeliing" we discussed the use of a procedural.
. , - S

f

network for modelling both fhe correct and incorrect ehéodings of a

given procedural skill. We also alluded ‘to how tiif'modelling
. 1 - [ ‘ ) . .

scheme could be used to create diagnostic models .-of a student's

\n . ‘ . - - ‘

misconceptions nbut did not describe’ how these models ¢ould be

A , A .

inferred from a student's behavior. ' This ;réport provide%"'a”

descripti¥on of thé process and decision rules usgd to automatically

infer (or construct) a diagnostic model. of & student from his
: ) . . ) :

obsé%vgd correct and incorii%x.answers‘on a’given tést. This report

aléo'describesﬁthe result of an experiment that used this diagnostic

-

modelling system to automatically construct a diagnbétiq, procedural .

model  for each of 1300 students .from their answers on anlaritﬁ%étic
a - . - .
.screening exam. : B ’ - (. L o N

y o -

< The first two secdtions are expanded vQﬁbioﬁs of 'dhat_ appeared
‘. in’ chapter one. of the ICAI Reporp;No}kH};“They are included here in

&
~order to provide a

framework for understahding the_fmore technical

[}
de

details of the diagnostic modelling’ process as degcribeﬁ in the
: ; ; . .

-

~—Jatter part of this report. L e
v . . ‘ P L ¢
— B x } N / _
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K DIAGNOSTIC MODELS FOR PROCEDURAL BUGS IN BASIC MATHEMATICAL SKILLS

-

, . ; \
"If you can both listen to ¢children and accept heir answers’ not

> as “things just be jjudged right or wron% but as pieces of-
- information which may reveal ‘what the child hinking you will
v have taken giant stepytoward becoming a master ‘teacher rather
v than merely a'd sseminator of information ---J.A. Easley, Jr. &

Russell E. Zwoyer .

.
+

"One of the greatestﬂtal nts of. teachers is - theiq‘ ability ' to

-

T~ . -

. synthesize iah accurate f"picture", .or’ model, of‘ student's

misconceptions'from t 'meagér evidence inherent in hisv errorg. é'

detailed model of a studeni'L knowledge, including his misconceptions,‘

ﬁis a prerequisite to succedsful remediation.” The structure, use, and
inferenge of such models foyf procedural skills in mathemdtics™
topic of ,.this. pap?r.e I particwlar we shall describe some initial
- efforts in the development and use of a representationai technique
called ™ "procedural netw rks" \as 'the ~framework for constructing

behaviqr as simple changes to (or m1stakes

1n).a corrtect model of ¢ e underlying knowledge base. By being able

e such deep structure diagnostic models - matically, we

"move a step closer to bdihgdable to’ provide both' a teacher' and :an
_instructlonal system W @Qnot only supplying an identification of hx

mistakes a, s¢udenq« 'S lmaklng, but also a%;explanation of why those
mistakes are béing‘pa e. wSuch a system also \has profound 1mp11cations
“for Cestl g, since a student ﬁeed no longer be evaluated solely %n the’’

-Anumber of e ors apoearing on his test \\ut rather on the\ fundamental

he harbors. )
X . T
Jconsists- of four sections. The first prayides

’ e

misconceptions'whig

This paper

oblems that must be handled by a- diagnostic‘

'It then antrodu es procedural networks as a general frémewo k for
Q
'léﬁwﬁedge underly1ng a.skill. The)challenge herje ks

examples of the p’

representing«the

to design " a épresentatlon that facillta%es\ the' discov y of

,m1sconceptions [bugs ex1sténg in a particular student‘s ené d1ng of

this Ql‘gnowled,ge.

issues that ~ have

”

emerged from our use of diagnostic models_within an
1 L 3 ' S

. ' vi _“.'_ ‘ | -1 - 9°3ﬂ _/ /}

<

is -the

N .
models that capture a student's common

odel..'

(e
Hire second sectfon discusses some of the: p%da@ogicalg

s S Y

g



instruotionel s%ptem.ﬁ‘This'system is'glpomp§ter-ba§ed tutoring gamé
developed to- teéch both. students and\ student teaohers about the

stnategic diagnosis of bugs. ‘The third section describes our uses of. "

procedural network as 1a' tool . for automatically diagnosing student

behauion; for automatically ienerating '"diagnostic" tests, and for

judging the - diagndstic qu rity of a: given exdm. Included in this

section is a discussion of the success of this system in diagnosing
1300:3 ade- school students from a data base of 20,000 test items. The

1ast s ction discussés some future reseq;ch directions.
0 . ; .
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» i ‘ ' ' - Section I ' F;ﬁj'ﬂ’““:f_ .

The issues\\agdressedbin this paper - arose from an investigation‘
high sohool algebra.f

of .. the procefurald;kills necessary to perfor
These ‘ kills 'include not ronly the generally recognized rules .of

algeb ‘but also .such normally implicit skikls.'as ,the\freading of

formulai,. the parsing of expressions,.and the. determination of.whic; )
‘rules to apply next (Brown. and Burton, 1975, Brown,, Qoliins and
Harris,w'1977,‘ Matz, 1978) " For this paper, hOwever, we limit oury
discussion to examples encompaasing arithmetic skills so that can; -
conce‘trate on the critical ideas of diagnosis;without the need forvja
large number of algebraic rules._'Li iting our examples to' arivhmetic
also provides. 'a' compelling demonstration of the difficultﬂ of the

ch ‘more- difficult it

diagnostic task; it“clearry‘dem nstrates how

is to.’diagnose what is wrong with ,.student;s method of performing a

task --‘to form a diagnostic mode37 than it’is to perform the task
,1t§elf ":In partlcular,_ it;is no great challenge éb add or subtract-

two numbers, but, as we shall seeg diagnosing misconceptions in thpse
.same skills ‘can be quite subtle. y¥4;4.]4 : R I xifﬁv .- ,\

Let: us”. consider diagnosﬁng what is' wrong with they‘arithmeticl

'skills (procedures) ofx*a couple of students.. We shaf‘ start with a
w jots" of ° a”ystudent'

'a.homework/;ssignment.

1\/ : s

'case‘study in which we dkamine ?five ,"snap

perform'nce doing additlon as. mi t be seen o

Before proceeding, look ' "the 'llowing dap  ~shots and,'try “to
discover\“the student's bug.,_ . ' SN _flw._ i':;_~, R
A the student s work . .w;.rf E 3 :
| 989, . 66 216 / Lo T N
(A v-1053{,, .-229 o

KL

Once you have ,discovered_ the~ bug, try testing your hypothesis by
"simulating" the buggy student so as to predictﬁ his. results .on Khe

followigg two test problems . &F . E , c T
41 . . t, ' 'S . M: _._
#’/) hye6. - 201 o o 2, -
S e £815 o C S e ' N A
S T ,f - e e
" e Ny "X . -
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. - '
v

~—, Thw bug is really quite simple.' In, cOmputer terms, the”studemt,

r~after, determining‘the carry, forgets to reset the "carry register" to_f

'zero and henoe the amount carried is’ accumulated across the‘ columnsl‘

. _For example, in the student's second problem, (e g. 328 +, 917 equalsid
,J3M5) he pnoceeds as follows 8;7-15 so he writes 5. and .carries '1pff
2+1—3 plus 'the one carry is 4, lastly 3+9.12 but that- one carry from:ﬂ
‘the first cglumn is still there -- it hasn't been reset -- ¥ s0 <addingf'

it- in to. this cqumn gives 13., If. this is the bug, then the answers;y
to the test problems will be 1361 and 700. This bug 1s nob—ﬁo »absurd;f

when one gonsiders ‘thHat a child might use his fingersﬁto'remember thef:
carry and forget to . bend \2fk his fingers, 'or- counters,. after each

- .
[y

carry is added

v
5

A common assuﬂption among teachers is that students dO/not follow,"

v,procedures very well and that grratic\behavior is the primary cau§% of;5

One. case

"but ; that - ':hey ¢_often folIow

gfencountered last year is of special interest.

.4
-THe' . stu en 1proceéded

Vthrough’ ”good portion of the school year with his t

:Tthat he was e iblting random behavior: in his arithmetic pérformance.

As lfarf,as the fteacher s wag concerned there was no ;-systematic

explanation for his errors Here is a sample of his work: v v o
®oR T%‘ o 1 |
. B O I B

T g6 | "'23‘, 27 u93 97 \

Y

“in his answers. Every time the addition of a. column involves a, carry,r;

a one mysteriousfy appears in that column, he is: simply ,writing. doun

.

the 'carry digit and forgetting about the units digit! bne might ‘be
mi led by. 1748 which 'ndrmally involves .a carry yet is added

correctly;"It would s&em that .he is ble ‘to do simple additions by a

complet Iy 'different procedureh - possibly by counming qg from the

larger number. on his fingers. _ TR - C »{

~.

The\manifestation cf this studed%'s simple bug carries over' to
other types of probLems which involve addition as a subskill What

answer would he give for the folloWing?

D UREEES PR R

°7student'§ inability to perform each step correctly 0ur experience*

*v,as:been that students are remarkaply competent procedure followers,_r

There 1is a clue{tO‘the nature of his'bug in the number of ones-

¢her thinking

-



- ¢ : R

‘ A"famil{ hds traveled 2975 mile3 on a tour of the U.S. They héve
1858 mitgs,to go. How many miles will they have traveled ag the”
end o )

eir tour? . . <

He'Vcorrectly solved theé word p#&blem to obtain the,addition problem
,_2915_¢_1815*cto which he answered 3191, 'Since his work was done on a
scratch she#tlf_th9~ teacher only saw the ‘answer which is, of .course,

wrong. As a.result, the teacher assumed. that he had trouble with word

. problems,as well as with arithmetic.

When we. studied this same student's work ‘in other arithmetic

N

procedures, we discovered . a recurrence of the_ same bug. ‘"Here 1is a

Msadpie}%f his work in multiplication: ' ' .

gg P34 5.ug 758 2764 .
X X xzag %53 :
‘TIF——-% 7‘3‘%’ RN 1 ;2731 ' Q
_ D / o _ _
Several bugs,are manifested here, the most severe. one .being that his,
multiplication algorithm mimics the column behavior of his addition

:fargorithm. But notice that the bug in his addition algorithm is also

- present ‘“[ in ' his multiplication procedure.’ The

b

"determine-unit-= and carry" subprocedure ‘bug shows up in both his.
multiplicationi and addition. For" example, to do 63/)67 in the flPSt:
.column he.performsi8x6‘ gets US and thén writes down' the “"carry", 1n_{
this - casey~u;,.ignoring the units digit.- Then,,hé multiplies 6xl4 to

get 2 for the second column. All along he has a _omplete and

consistent procedure for doing arithmetic. His answers throughout all
of' his  arithmetic. ‘work are far, from random' in fact, they display

near pérfection with respect to his way of doing 1t

A First Anpnoximation to Representing Procedural Skills

For a computer system to be"capable of diagngsing berrant
behavior such as the above, the procedural s¥ill being
represented in a form amenable‘ to modeling ingorrect as well as

correct subprocedures of . that Sklll . Furthermore, the representation

taught must be

must aIlow the 1nterm1x1ng of both the correct and incorrect
‘subskills,, so that the model can capture those parts of a- skill that
are, correct as well as those that are wrong. The breakdown of the
skill 1into hshared subskills can also account for the recurrencefof
-similar errors in different skills. -We introduceAthe'term diagngetig
model to mean a representation of a student's proCedural“knowledge‘or
skill that depicts his internalization of a skill as a variant of a

correct version of that skill.

T,'i ; : - 5'€13.A o ‘ T :~4 e




In addition to satisfactory representatibnaL“'technidues, the

diagnostic mbdeling task requires: that the nepreékntation of a

L

particular correct sskill “make explicit much of the tacit knoulédge
undeblyipg the skill. In particular, the correct model must .contain
o all of- he knowledge‘that can possibly be misunderstood by . the student

. - : ~

or else some student 'misconceptiops "will be beyond the diagnostic

mode}idg capabilities of the system. For example, if the model of

~d

addition doesn't include the transcription of the problem, the system
would nevér.be able to diagnose a student whose bug is to write 9's

tha

he later misreéds as T's.,

The technique we -use to represent. diagnostic modelsl i
: L(1) A proceduraf network ponsists of a‘ colleéti n
of procedures with ahnotationé i which the'call%ng relationships
between procedgres are madg éxpli it by aﬁpréppiate link;.'j~anh.
Hprdcedure node has'two main;éa;ts: a concegpuai pgrt represénﬁing the “
intent of the_procedure, and an Operatibnallbaff'éonsisfing of methods
for carrying out 'that intent.  The {méthﬁds L'(algo n-péllédf
implementations). are programs that define.héy the esuits»é} ot%er"

procedures are éombined . to satisfy the intent ofy a particular

E ¢ 4 .
procedure.(2) Any procedure can have more than onefimplemenQation,w )
-thu; providing a way to model different methqds for . performihé the
same skill. +For most skills, .the network*representation takes the

form of a lattice. Figure i presents a partial‘breakdowh.of;a bortidn j:
of the addition process into a procedural network. 'Concepbuél

procedure nodes are enclosed in ellipses. Tne.EOpfprdcedure in the =

. . .
(7Y This term has been used by Earl Sacerdoti (1975) to describe an
interesting modeling technique for ~a partially ordered sequence of
annotated steps in a problem solving "plan" as well ‘as for specifying
control information. Our use of procedural nets coincides with his on
this 1latter .feature but differs from and is less developed than his

with regards to "plans". . . ,
(2) The language we have used to define these programs is LISP. The

par lar rogramming language 1s unimportan from a theoretical
standpoint ecause an implementation 13 non-introspectable. . The
modeling\ aspects of the network must occur at the concegtual procedure N

level. xample, 'the implementation of the- subtraction facts table:*
look-up procedure in the computer is necessarily different from that:
in the student. However, the concegtual properties of the procedure R
are the same in both. those aspec s ‘which are the same, the invoking
of other procedures, the values returned," the relevant side effects,.
are included in the network, while the implementation details that may
differ are '"swept under the rug" into the program. [This is not a-
limitation, as any "implementational issue”"™ can be elevated to the
conceptual level K creating a new conceptual procedure in between the
existing ones. The distinction between conceptual and implementation
details also allows skills to be modelled efficiently a different -
levels. N - ' . :

- | | ' - 6(7 lk‘ : ’ - s
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lattice is addition.(3) Two of the possible algorithms forndoing"
addition are pragented as alternative 'methods ,under' the conceptual
fiode -for addition. In method .1, the standard algorithm, the columns
'are added from right to ‘left with any carries,being written above anﬁ
included in the column sum of the next column to the .left. In method
2,.the columns-are.added ﬂrom.left to right "with any.'carries being
written below the answer in the ‘next column to the left. 1If there are
any ycarries, _they must be added in a secgnd addition. Notice .that
;these 8o methods share the common procedures for calculatihg a column.
sum and writing,a digit,in-the answer, but. differ in the procedure
l:they use 'when}'carrying'is'necessary7. One structu%al aspect-.af the
;network is to make explicit any subprocedures that can be potentially

shared by several higher 1eve1 procedures.. e ._' - - *." e

s,

. The decomposition of a complex skill into. all-oﬁ 1ts conceptualg”

p ocedumes terminates in some set of. primitives that reflect-,assumedﬂ.
‘elements of an - underlying computational ability.' For_.addition,‘
typical assumed primitiwes are recognizing ‘a digit writing;'a' digit,
and knowing the concepts of right, 1eft etc. The complete procedure,
nnetwork explicitly specifies all the subprocedures of a skill and ‘can’
_be evaluated or "executed"' thereby simulating the skill for any
given set o;\inputs.-QBy itself, fhis‘ mnetwork - merely provides .a
computational machine that performs the skill and is not of particularv
import. However, the possible misconceptions in" this ski11 are’
'represented in the network ’by .incorrect implementations éssociated.w
with procedures in the decompositfbn called "bugs" (MZ/ Each buggy
.version contains incorrect actions taken in place of the correct ones,
-An extension to the network evaluator enables the switching in  of’
Qgggl version of a procedure that allows the network to simulate the
behavior of that buggy subskill. This feature»~ provides e
'computational method for determining the external behavior of the

underlying bugs.

- B "

This sidpiified representation demonstrates only those featores
the procedural network garticularly relevant to the diagnostic
. The actual breakdown into subprocedures may be different in a
icular network and will be considerably more detailed.

The term "bug" is borrowed from g¢omputer science Wwhere it refers
mi -

stake in a computer program.

Q o . .'1.
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Inferring a Diagnostic Model of the Student

/

o0 The problem of Siagnosing 7fdg§p structure fa11ure in a student'

knoyledge of a procedural skill can now be accomplished, at least

*

theoretically, in a stra1ghtforward manner. Suppose, as in the
examples \on pagé 5, we—~ are. prov1ded with several §Qr§aggl
5manifestations -of .a deep structure misconception, or- bug, in the
> student's add1tion'procedﬁ;e. To uncover which possible subprocedures
“ are at fault, we use the network to s1mulate the "behavior of buggy
'subprocedunés over tRe sey of problems and note thﬁse which generate -
= the same behavior as exhibited by the s&udent. To catch a student'
'miSconceptions that 1nvolve more than one faulty subprocedure, We' must/
be able to simulate various combinatlons of. bugs.‘ A ~student may ha
.'a bug in his carrying proeedure as well as believing that 8+7 is 17 T?7

bug in his additlon facts table) To model hig behavior, hg&hf buggy

“

-versions‘ must be \used tgggthg .',_N _ of the
%student's errors is a set of buggy subprocedures that, . when- invoked,
}replicates those errors. Each buggy version has - a sociated
‘information such as what the underlying causes of the bukl?' have

been, as well as specgflc.remediatlons, explanations, 1nteractions,

'and exampless of the bug -- all of which may be. used by a- tutoring
«jsystem to help correct: the'student's problem.(5) - o s Vv
Many: technical questlons are raised by..the above brlef overv1ew'
of ho¥ to "infer" a dlagnostic model ‘We' have deferred a morge,
. detailed" discussion of these questions until‘Section 3 4n favor of a
" more general discusslon of pedagogical ramifications of’ the procedural
nétwork model of procedural skilis. ‘We begin this d1scussion w1th a

description of - the procedural. network for a _simple \Sklll' -

~,subtractionul

ork for Subtraction - . (o

As an example of the Surprising amount’ of procedural' knowledge -
’ #

,\needed..to 'perfofm a simple skill, let us consider a mére complete

Co L | o | P

(5) West (1971) has broken Jown the diagnostic teaching task into
steps: i) distinguish between, conceptual arfd %carelgss errors;
identify" the exact nature of . the conceptual error (bug); (
determine the conceptual ‘basis (cause) of the bug; and . (iv)

the appropriate remediation.. The system we describe has been d1re
towards problems (i) .and (ii). The buggy 1mplementation nodes in’
network - provide the proper places to attach nformation relevant

problems (1i1) and (iv).
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P . ) ”
-cases where borrowing is ,necessary and 'may- call upon ‘m
L .. . - B

“

4

netWork,representation of the subtraction of two humpers.(b) Figure 2

LY

shows - the 1links .of the procedural ,nEtwork foar subtraction that
indicate°which'Subprocedures a procedure may use} ‘

" The topmost.'node represents’ the subtraction of two n- digit

numbers. It may “use the procedures for settimg up ‘the problém,’
transforming it if the hotgom number is 'greater than"\the‘ top, and

"sequencing through each column performing the column subtraction. 'The

imp§ementation‘ of the column subtraction procedure hasvto.égcount for

ny other

1subprocedures, inc¥uding* taking the borrow.from the correctlpiace;

‘scratching 0 and writing. 9 if that place contains”a zero, ap 'so on.

An’ important subprocedure is the facts table look~up whiﬁh’allows any

top ‘digit in ‘a column. P s o
In principle, eacﬁ}of these subprocedures couFd’have -many'-buggyﬁ

of' the simple farithmetic facts to be}vwrong. ‘The * facts® table

._subproced:re*/}s/'called during the addition of 10 to a column digit),

during the subtraction of 1 from a . cdlumn' digit in a borrowing

joperatiOn, as well as during the Subtraction of the bot'tom from the

\ - »

Y

~‘versions associited with: it (7) An example of a. common bug is to
'.calculatej the column difference by subtracting the smaller digit from
‘the'larger regardless of which 1is on top. ‘In another-bug, the set -up

Iprocedure.ileft justifies 'the top andkbottom numbers S0 that when'the
fstudent is told to subtract 13 from 185, he'gets 55. An 'interesting:

aspect of the left justification bug is that - when the student is faced
with_ seemingly impossible problems (185-75) he may be inclined to
change the direction in which~ ‘he * subtr- éts, borrowing 'from right to
left instead 3t from left to right orjko change his colymn difference

procedure to -larger minus smaller, thereby eliminating the need to

)'bornow.. Thus, there can exist Trelationships betweenvbugstsuch' that

oneé bug suggests othHers. = A major challenge in' identifying the

procedural breakdown or description of a skill 1is toggave the network

_handle such ramifications and interactions of multiple bugs.

;; To provide' a feeling for the&range;of "answers" that can come

~

. R N , - i Lk
from simple underlying bugs, 'we have  included in Figure 3 the

-

(6) We have chosen Just one of the several subtrdction algorithms {the
algorithm), but the ideas /resented here apply"

equally to others and can handle multiple methods as well. o

: ? In our current subtraction netwerk, many sub rocedures  have only.

. one version, but some have as many as fi teen.‘ The average is

so-called "standard

¢ -

three or ou v ) N
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s . . T N . : -
"answers" to a ;ﬁbtraction problem (15300~ 9522) using some of the bugs5

in ° the procedural network for subtraction. For exaﬁple; the answer

.-1h222 was generated by the bug that subtractﬁ “the smaller digit in'f

each column from-the 1arger. Appendix L g1ves brief explanations of

bugs that would*generate eaeh of the answers'in F1gure 3.

. . s 8 . . . p ’ wee
R : Figure 3 o . ] e
‘ Manifestations of Some” Subtra ion’Bugs
S e pEniisstation | A

ach of these answers is “the resu1t of using a subtr%ction gprocedure
‘ < .
{ . <

Awith a single bug. : :_ o S d{ﬁ S
o 15322 | 15300 . 15300 15300 'fi53oo’_t» 15300 15300

15300 - J%ngl 15300 . 15300 - 15300. - 15300 15300
| . T 022 ;'?oooo g eE
- u. R ,,.'ﬂ:"‘.' ,‘*‘;h'“'~ o o e
15300 - °  15'300 (15300 ¢ 1530Q - 15300 e 15300 'hft15300,
-9522 -9h22"

15300 153001 - v153bo. 15362 15300

e

,gé.‘é}n “be seen in Appendik'u, a'particular”answer.to a given}problem“'
can have more than one explanation since several distinect bugs can :
generate the same answer. A special case 1is that a student may'harbor |

_many misconceptionsf'and'stili get the correct answer to a particular
problem! _vf'L .f.i - ; e . ’b; '_', I

r imula Bugs in the Nefwor |
Given a - procedufal network 1ike the one in Figure 2, it’ is 'not'
always obvious how bugs in any _ part1cu1ar subprocedure or set of -
subprocedures will be manif ted on‘ the -surface, " that is, in the
answer. - Some of the 6}zlicating factors are that a single buggy
subprocedure :can_ be used by several' higher order procedures in

‘computi' . an - ‘answer ,6r that two’ bugs can "have interactions with each

These» factors are furthergcomplicated by the fact that not a11

. [ . [ .
! - t / ‘ . . . ' . ) : ) . . ’
- ’ S SN - ‘
: e ! . . . A . : N »

c,e
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sample problems will manifest all of- the poasible sgmptome If asked
to make predictions about the symptoms of a given bug, people often
'determine t he symptoms ‘by considerﬁng only the skills or subprocedures
used.~ih solvfng one particular sampleF,problem. As a result; tgey
often miss symptoms generated’/by other procecures‘ that %can, in
principle, use- the given buggy Jhbprocedure but which becauae)of the

,characteristics of the ° articular problem, weren't.called" op// I'f aé

ad been’chosenk-it yoight have taused the
particular fau _J'bﬁrocedure, to have been used for a different
purpoae” thereby generating different symptoms. ; :These observati%gy

first led” us to conqider the value’ of/simulatian to systematjcally -

‘vefify a conjectured bug. .\ g \g" Lo . D
’ L\ d - L - . . ) . a
N _ . o -
A= - - ! " \ A
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\ a L. s ’r ¢ 0 '
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‘i o . \ . Y
BUGGY -An Instructional Game fob Tr ining 'Student Teachers and Others

~ ) .

As we saw in the\first’section, it is - often difficult to infer a

,student's bug from his«answers. It was 'the need for teachersx to
appreciat& this problem and to develop straregies or: poping with the
J;péssible range of student bugs that led us to cons{f
“~BUGGf BUGGY is. .a computerived' game based ony the  dfgnostic

ruct a game called

_ 1ntbractions offa tutor and a student The computer plays bhe pa t of
I
an ernant student whose malady must be identified by the diagnostiCi n,

(a‘ role either played iby an “individual or &y a team) ' Th
'diagnosticﬁaﬂcis presented with an arithmetic homewor@ problem& that
the !
generdted using the procedural nefWork and .shows the' symptoms— of an

"student" has done_ incwrrectly.fV The _"student's" behavior is

underlying ‘,bug : in : one. 'of the,,arithmetic_ subprocedures.' The
: . B
: diagnostician's job is, to discover exactly what is the underlying

misconception. , ‘He does this by providing strategic tgs pr gblg g. for
;the "stgdent" to solve. The problems given by the diagnostiCian.zare

answered - by theh~computer acting as the student usi. the bugged

procedure: }'ﬁ“ ‘ _ e
- The eomputer also acts .as .arbLter in"the evaluationﬁ of the
diagnostician's theory. When the diagnostician indica es that he’ has
discovered the bug, he is -asked to describe it. Then, to make certain _.
that 'he .really. h;§3found thé bug, " he is given a five- problem test’
*during’ which - he must answen “the pnoblems in the same errant way that
the student ‘woul In other words, he must simulate the "student's" ,
bug:- When the dEXgnostician s concept of the bug is sufficiently well
formulated that he is/able %o predict ‘“the buggy ansver on all: five

problems, he is considered tQ,ﬂhave diagnosed the student and'fhe”

pt‘oceeds to a new bug. ST T ; ‘ Ty

iy . ) . . . - .

We shave found it beneficial to all&w teachers,to tegm up while
glaying the diagnosti01an s role in BUGGY. The interaction "between

team members encourages verbalr;ation of the decision making prooesses,

» -

\&nvolved in the game. SN K ‘ .
The following s a protocol of a team of-teachers. using BUGGY.

fThe dialogue is interspersed ~ wWith commentaryﬂ_aboq}; the “important

Y ' LT - T 1-3 ‘3 Lo et
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issuesw. Those lines typed by the team are marked w1th a verticaldline

- /
. [ -

" in the' left margin. P

: S (A B} ' /ﬁ , \\\ .
Protocol of a Team Using BUGGY .. . ' ‘;/ ' . <
WELCOME TO BUGGY. = . - o -
I HAVE CHOSEN:A BUG. HERE IS AN EXAMPLE .OF THE BUG..
a7 o s o p
. 4 - 5 e . : 3 : ? L3 ’ ' - : '\\

14
v
Id . Vi

t
Fal 4

+

P4 L AN
.

4 -
The system gmesents an example in which the stwdené doesn t
get the right. answer. At present these initial examples are
-stored in he network linked to the puggy implementation. .

. NOW YOU CAN GIVE ME PROBLEMS TO DETERMINE THE BUG S A ,

+6 . +£g L . e R - : . - '

Tg- . . L. ) ' . N ) .\. .'. ._._ T .l- '\ ‘ -

. ' - The -team- generates roblems that ‘are answered the
""student". ' Notice that the team's test roblems are s milar
to the initial example ‘generated’ by BUGGY. 'This'is usually

- a goor diagnostic strategy as it may’ leave other symptoms o]
ug und1scovered ) :

l Gat’ the bug!‘ ~N R \ L

’ The team fdrms .an initial hypothesis and tells the system =
- ;the% have discovered the bug.. The system now asks the team
to ~Ydescribe the bug and then tests ‘them on their
understanding. Asking: for a description forces the team to
.~ verbalize their sometimes fuzzy idea ‘of what the buﬁ and
R often makes them realize how ill=- defined or vague ¢t eir idea
. - actually is. In  the present«system s M he ‘descriptions are
4 - ggved but no attempt is made by system .. to. understan}-
em. -
. N . .

;PLEASE DESCRIBE THE BUG. . SR f

Student adds the number to be carried 1?to
.worked*in. .

‘This cryptic description

- observed. Describing. bugs/ i

- difficHes . "What the team/ 1

! column adds - to more than 9, he

.~ digit® are -added& * together /and.

answer: For example, in the fi

problem; when T and 5 arge ad

units digit) are added to

and . 3+9. (This bu coul

= . using method 2 from %ure
P under the ‘same column

We last .column

ical of “those:' we have
nglish is sur risin%ly
ryin§ to say is that i
t §it\ and the “carry
t is written as the.
column of the exam
1 (the carrg) and 2 (
he same (wit 2+9,
arise if e student-Were
stakenly te the carry

v

. The hypothesis does ac ount for +the observed behavior.
Unfortunately, it is not /'the' student's bug. Notice the -

E Eossibly humorous, prob blK disastrous results that would

! - ave transpired if the team had stogped at " this  point /and
- tried to . tutor the student on the basis of their initial -

belief!

v S b

- Lor . . o ." P " ? o : . .
To ensure that the team’ has _found the" correct -bug, th
- system .prodyces. several problems‘for the team to solve A

i




3 ) ‘ S ' o ‘
resent1 BUGGY has .a heuristic problem ’genevétion pro ram <«
ve

.that a broad —-range gf "different" problems. For

ﬁexamgles 1n which the bug very localized® such ' as
-requiring a in the tog number, a ecial problem generator -
can '=he linked to. the bug and will e used instead..) These
pro¥lems are theq filtered to try et three' prqblems
-which cause symptoms and two that\g ve cor ect answers,
This simple routine .does surprisinf well /gk ‘producing

- critical roblems. -$0 well n  fact, hat a " more

"intelligem " routine which determined the consistent set of
bugs and then filtered tge test problems to split the set
- was discarded ~as wunnedessarily timé-consuming. However,
this more -intelligent technique.--- based on techniques
discussed- invseg¢tion 3. -- might be .reverted to as our theory
of»prooedural bugs becomes progressively more subtle. .

-

“ - ‘< B
The team's hypothesis is revéa}ed_as incorrect by the fibst
of ,the five test problems. .B preqents ixs answer [ ahd
‘then ‘allows the beam to gnter re problems._ T
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THAT'S NOT THE BUG “L'*HAVE. | L
\§SING MY BUQ:. ' S s " .
21 A ,f"".' 9 . Y ‘_\\g :
+ J/. . ) LN . .o .
“’ ‘ . c . ' |- . V.- [ 4
TRY GIVING\M\ SOME MORE EXAMPLE§ /4' ’r .
. ‘ i/ . 4 . . - / -
51 i . .
lw1 077, ! “'j\ - .
; NG A ;
;o <o \g e .
/. [ y e .
s . ./ After failing the st, ‘theﬁfeam gives a gn\ater range of
> “ ; - problems, specificall thosé g .bigger numbers. How
I 1t that 51+1707 can add up,, to 2 yfg;oadeni the s¢co
VAP .of examp roble mg .they. are a le ) reevaludtie. ‘thegr-
A a‘initial hy o hesis, dismiss it°, . and. develop aho&h@r on > that -
_'.)4 ,1-;';is comple _.and, omsistgnt-with respect o new, e ors
GOt the bug! S \’ VoL s R R T
- . 8 . . PPN L ‘,. ]:‘-ﬁ. " R i‘ff ) .
_PLEASE DESCRIﬁE THE BUG YOU THINK I HAVE. » . "-]c"il- ST
'The student is}adding all the digits together. Coe '{_ i
ggﬁ% % RE SOME PROBLEMS TO TEST YOUR THEORY ABOUT THE’ BUG o gf‘[/
33 109 .8 28 90t
T4+ + _+60 +34 70 —+6 : e )“
l' . . i . |5 . - - -t N
-~ This time the team s hygothesis passes the te st'and they ape
& given the description o the bug stored in the procedural
network . . .
VERY G oD. MY DESCRIPTIO _OF THE )
THE T DE T ALWAYS SUM§‘ UP LL THE I TS WITH NO REGRRD TO: COLUMNS
. ) LT : . . » . o .. . o,
A *variant of this game assigns a cost to each problem the'usér/'
‘poses in thne process of trying to discover the 'bug. " At the same’ time,
. a much higher cost is assigned for. claiming to have ‘"disgcovered" *the -

bug but “then failing to- paSs criterion o ‘the computer- generated*test
. Pproblems. A correctly structqred cost algorithm encourages ‘the user "
-'to  think. carefully about the diagnostic value of each- prpblem he’
‘creates anQQiot togjump to ‘a conclusionttoo quickly or too slowly.v'°

N < ) _‘._ .
\ ! ‘ o ‘“' T . R C 3

1 or’ Teachers ‘ " D
One application of BUGGY ‘and the . "diagnostic model’ view of
proceduraI’ skills 1ies in 'the ’‘domain of teacheré training; 'The

realization that ernors that appear "random" are ofte)

manifestations of a systematic underlying bug‘is a‘Rajor conceptual

e

breakthrough for many studént teachers._ All too oftena‘behavior‘ that

. [}
' v ) PO e =

‘ x"/:" .‘ .. { - " e g . 2 ., . \”' ,1&'_:,.____“,_ ;/. T,

the surface s




. - . ) - . oW ‘ i . ) - i <».v . % ‘ .
appears to “be random -hags a simple, ‘intelligent, and complete,
underlying. explanation..- §y'-proper diagnosis, remediation for a

'studeht can be directed towards'” his specific weaknesses. lThe-

;ﬂmportance of simply admitting that/there may exist underlying bugs

can not be overstressed.' Without appreciation.of this fact, a teacher

. >

"must fview failure ,on a'particular problem as either carelessness or
total ‘algorithm failure. In the, first’' . case, . the’ pn-edica-ted
:remediation__is giving more problems -while in the second it is going

‘*oVer {the. entire alggrithm (8) SWhen ‘a’ student's bug (which may only
manifest itself occasionally) is not recognized by the teacher,-‘the

- teacher QXpLains the errant behavior as carelessness, laziness, or

* worse, thereby often mistakenly lowening his opinions of the student s

)capabilities. aufv ;“. R o R ' '

| Fﬁbm fhe student's viewpoint . the situation 1is much worSe.‘ He“isf

" followdng’what he believes to be Lng correct algorithm and ' seemingly
at randpm, .gets marked w ong, This situation can be exacerbated by ,
improper diagnosis. Fow example, Johﬁnie subtracts 284 from 437_ and"
gets 253 as an answer. "Of course"_ says the teacher,"youlfOrgot-to:J
subtract" from. 4 in the - hundreds “place = when 'you _Aborrowed -:.

Unfortunately Jphnnie s algorithm is to subtract the smaller digit in_h

-each column from the larger._ Johnnie:doesn't have any idea - what the

| bo:rowed"!) .and feels that he must‘

" teacher is. talking about (he never
be very stupid indeed not to understand. The teacher agrees with this

assessment as none of his remediat on has had any effect on. Johnnie s‘

. . . s
[P . *

-~

performance.a g SR )

BUGGY, " in its present form,

buggy-behavior.and provides’:practica in diagnosing';the underlying.i
‘,causes of , errors. Using _BUGGY, te chers gain experiencé in forming

‘theories about the relationship ‘betyeen ‘the symptoms of a bug and the

resents teachers with examples of

i“self ' This e perience can?»be cultiyated to make

vteachers a are that there are metho s or strategies that. they can use
‘to diagngfe ‘bugs properly. ' .__.-. - : L

. P - fact, there“\are a'nﬁmggr.of stgaiegy_pug% that  teachers may
have 'in- forming hypoéheses about a student's misconceptions. ‘That;is,
_the task of diagnosing .a student is a prooedural skill and as such ds

« ¢ T i,

. {8) Tn computer programming metaphors, thfb aggroac corresponds to

~ the . debugging activities of resubmitting rogram because the
-computer. must haye made- a ‘mistake and of throwing he whdle program_
away :and starting over from scratech and writing a new program. -

. "3" L8 'uﬁ"\ . ® . !
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,.susceptible to” mislearning by the teachers. A common.strategy bug is
@to Jump too quickly to one hypothesis. Prematurely focusing on one
‘fhypothesis can . cause a teacher to be unaware that there may be other
gﬁoompeﬂing hypotheses“ that are possibly more likely A .common -
psychological effect _of this approach-is_that'the\teacher geneqates
problems for‘the student that confirm his hypothesis! 1In some cases,
)teachers may believe thelir hypotheses so = strongly that they will
ignore contrary evidence or decide that i is | merely randog noise.
One -general diagnostic strategy that ‘EVﬁids ‘this/ pitfall is-the '\
,technique’of differential_diagnosis (Rubin,‘1975) in which one always

generates at least two'hypotheses.and then chooses test problems that

separate them.

_Another common strategy bug 4s to lock onto énly' one _type .of
symptom. For example,"one student _teacher was given the initiaf .
example (A), after which he .proceeded to generate:example problems (B)

" and (C): - '

LR - - . -

r B v C
19 a3 " 8y - -
At this point, he concluded ‘that the bug was "writes the.bottom Mdigit
. after the top number." But his hypothesis failed when he wa% -given
the first test problemii - o '
‘ . B 3 . o
, o412 ) : . .
to. which h& respdhded 812 The bug is that singledgégit operands -are
4linked on to the end of the other operand .so that the correctibuggy

answer is 128 By presenting examples only uith a shorter bottom
digit; fhe% had obtained what seemed to be oonfirmﬁng evidence of his
hypothesis.f A general rule which could be employed to avoid this

fixation is that whenever an example of incorrect behavior has ‘an

asymerry (length of top and bottom numbers), then try an example with
y

the agymmetry reversed. . Us$ing this rule, the’ teacher would also

generate problems with _larger .top numbers before \, he reached a
conclusion; BUGGY,proyides- an environment ~in which teachers can

experience the ramifications of not employing rules and Strategies

~during d1agnosis (9) .y C . o {

[
fou o . LN

(9) One job for an "intelligent" tutor for BUGGY Is"to recognize and
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"filled with the Ieft- most digit of

’

" 'Another important issue concerné the relationship between ’the
.language ‘used ‘to describe a student's errors.and 1its effect on what a
teacher should do to remediate it.,\Is the l1anguage able to convey to
the student what he is doing wrong? Should we expect teachers to be
able to use‘language as the tool for correcting.the buggy’argerithms
of students? Or. should Swe expect teachers only to be able_ to
understand what the ©bug is and attempt remediation with the student
with things like manipulative math tools? .The following descriptions
of hypotheses given by student teachers, taken from protocols ’of
BUGGY, give a good idea of how difg}cult'it is to express procedural
ideas in- English. The .descriptionsl in parentheses are BUGGY's
prestored explahations of the bugs.

"Random errors “in carryover." (Carries only when the next column in
the top number is blank. : .

"If there are less digits on the top than ~on the bottom she adds
columns diagonally." (When the top number has fewer digits than the
bottom number, the numbers are left-justified and then added.

"Does not like zero in the bottom." (Zero subtracted from any, number
is zero.) , . '

"Child adds first two numbers correctly then when you need to carrg
“the sécond set of digits child adds numbers carried to bottom row the

adds third set of digits diagonallg finally carrying over extra-
op

1ts. (The carry is written in the number to the left of the
co umn being carried from and 1is mistakeh for '‘another digit in the top’

number.) . .

"Sum .and carrY all ¢olumns correctly until get to last column. Then
takes furthest left digit in both columns and adds with digit of .1last
carried amount. This 1is in the sum." (When there are an unequal

number of di its in the two numbers the columns that have a blank are
that rumber.) .

"Even when one knows what the bug is in terms of being able to’

)

" mimic it, .how 1s one going to explain it to the student having

problems? Conaidering the above examples, it 1s <c¢lear. that anyone

asked to solve a set of problems using -these explanations would, no

-doubt, have real trouble. One can 'imagine.la studepv) frustration

~
when the .teacher offers an explanation of why he is getting problems

marked\wrong,‘and the explanation is as.confused and unclear as these

are. . R : : N
. For - that matter, when the correct procedure is dbscribed for the
first time, could it, too, be coming across so unclearly! .7 .
‘The problem of adequately describing bugs 1is firther complicated”
by another surprising, fact:. Eundamentally different bugs can cause

( .\

ins
should be used. This possibil

point  out places where
ty is discusse ed in Section 4,

S S ’ -~ .
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"identical behavior! - In other words, there can be several' distinct

ways of incorrectly performing a skill ,that always generate the same) %

"answers". For example, here is a set of problems
- 38 - 186 . ‘
One'possible-bug' which accounts for these results 1is: the

-columns 'are ' added without carries' and the left- most digit in the
answer is the total number of carries required in the problem\, In
this case, the student views the carries as tallies to be counted and.
~ added to the left of the answer. But another equally plausible bug
,also exists; the student plades the carry*to the left of the next
digit in ‘the top number; then when adding'.that column instéwd “of
”adding the carry to the digit, vhe mistakes it as a tens column of the
top digit -- so that when adding 298 and 169, in thé second,colbmn he
cadds 19 to 6 instead of 10 to 6. This generates the same symptoms.
So even when the teacher is able to describe clearly what he * belieVes
is - the underlying bug, he may be addressing the wrong one. The
student may actually*haxg_either one of these bugs.(10) % ..

ent B with Stud
.To determine BUGGY's impact on . student teachers, we had aivgroup
play the game deScribed in the beginning ‘of this section. The goal of
“the experiment was to explore whether exposure to BUGGX\significantly
’improves the student teacherfs ability to detect regular patterns af

errors in simple arithmetic problems.(11) - The  subjects . were

undergraduate education majors ‘from Lesley College tinvCambridge.‘
Their exposure to BUGGY lasted approximately one and~ a half hours,
during which’ time both addition and subtraction bugs were presented

The effects of their exposure to BUGGY were measured by comparing each

e

subject's performance on the pre- and post- exposure\debugging test, an-
.example of which is given in Appendix 1. The detailed analysis and-
discussion of the experiment is beyond the scope of this paper but has
been described 'in a technical report (Brown et al, "1977). Briefly,
.though,»the'results of the experiment showed~that~ exposure to' BUGGY

(10) Th1s possibiIit Teads to an 1nteresffng question concerning how
one can - rove" ~that two. -different bugs entail.logically the same

surface manifestatyons.
-(11) We would>l¢ke o thank.Dr. Mark Spikell of-Lesley College for his °

‘assistance in this ndeavor. . _

[F]
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signiFicantly improved their aﬁfﬁity‘ to detect regular patterns of
errors. ] C ‘
We alse investigated the qualitative issue of: what the student

teachers felt they gained from their exposure to BUGGY. To assess

their impnessions, we convened the,.entire ‘group fafter they had

finished using BUGGY . At that gathering, we first asked them to
write their responses to .two questions (discussed below), and then we
taped a final group discussion in which we sought their reactions to

using BUGGY and their suggestions for its deployme%t with 'school aged

.students. . The following week their professor, whp also participated'

in the initial experiment, held -a second group discussion and reportedg
to us the consensus, which was consistent with what they had written,

Appendix 2 lists all the written responses to the gquestion "What

do- you think you learned from this experience?". All 24 responded

that they came ‘away with something valuable. Many stated that they
now ,appreciated the “"complex and lOgical thought process" . that
children oftefi use. when doing an arithmetic problem incorrectly. "I

makes me- aware of problems that children have and they sometimes think

‘logically, not carelessly as sometimes teachers think they do o "I

L

never realized . the many difféxent ways a. child could devise his own .
system to do a problem. : They alko stated that they learned»-betxer

procedures ‘for discovering the ynderlying bug. 'ﬁI'learned thatfit is

necessary to-try'many differen types‘of'examples to be“sure . that a

child neally understands.- Different types of ‘difffculties arise with
different,problems. And finally, ¥The types of. analyses’ necessary(to

:’debug':student errors on :the test (paper aha pencil) seem - more

7 @ifficult& than with bune computer “But that 'doesn't make any sense.’
« “The 7 o

-

'analysis' Perhap3§the computer motivated:-

Lo S
X vthe written responses to the question "What
GGY?" Many “feit that "BUGGY could -beg used to

sharpen ‘a teacher s awareness of different difficulties with addition

Appendix :
is your reactié@'to %

,

and subtraction. They felt that it might be of use;in,grade "school,
o ’ H -
high .- school, or with special needs, students, or even as a "great

experience in’ beginning to play with computers

I : .



Pedagogical Issues More SpeciYic to-Middle School Students
" We feel that all of the issues discussed above are as important
for school-level studentsj as they are for teachers. oThere is great
. e e
value in introducing young students to procedural notions. " The BUGGY
v : '

- system = provides - a. ‘well controlled environgent for such  an

)

introduction, as ‘'well as one that can be eagily. integrated into a
standard gunnig 1la. kJAlsou note - that for a mAddle -8chool student to
‘play the diagnostician's“role requires "his studying' the procedural-
skill-pgz se (i.e., its structure) as opposed to merely performing it.,
- This experience can be especially important ‘as’ students begin gebra,
.which is their first exposure Eo procedure "schemal. By prese ing
procedures as objects,of gstudy, BUGGY can thus be used_to explore the
pouerful~ ,ideas of hypothesis ' formation, debugging,.‘debugging
strategies; and’so'on; of course, such a use requires more than Just
the BUGGY game. L o ) ' R )
Another reason for having students develop ar language for talking
:about_ procedures,‘ processes, bugs, and so forth is that such a
language enables bhem to talk about, andAthink;about, the underlying
' causes of their own errors. This facility is'important in"itsfown
right, but it also gives a student the motivation and ‘theﬁ apparatus
"for stepping back and critiquing his own thinkﬂng, as‘well-as sayingn
something interestlng and. useful about his errors.‘ The difficulty ’inn
getting students to test the plausibility of their- own answer (such as
by estimating, it) may be due to the ‘l%ck of  any appropriate

introspective skills that the.student could .use once he " knew his

¥ . VI

°

.answer was wrong. N : Do oo S
. An ‘important, ancillary, non mathematical benefit of a student's -
involvément w1th BUGGY is exposure to the idea of . 1role 'neversal.(dZ)
To ,communicate ,effectively with others, children must learn‘not onlv
language, but also the use of "social speech" -- 'speech that takes”
in'to ~account .the knowledge and perspective of another person (Krauss
"and Glucksberg,,1977) Piaget uses the term’ "childhood - egocentrism"
to describe the child's 1nab111ty to detach himself from his own point
" of view \and to take into cons1deration another's perspective,
)Although Krauss and Glucksberg -agree that egocentrism plays"a large
part fn very young;childrenﬁs_s eech, they believe that even in older
. | S S >
is‘ideamis atttibutabl to 'Tim . Barclay,"® at the Cambridge'
X

School, who has "been experimenting with various uses of Buggy
th through e1ghth graders. a4 . . .
IUe ‘ o .
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children'the ability’to-role;play breaks down when they‘'are faced with
a demanding coghitive‘task. We believe that taking on the vdeupoint-
of " the uerrant student by analyzing anothert%s mistakes can provide
”gvaluable practice in role- playing in a demandf;g situation and can be
: beneficial to the development of "soc¢ial - speech" 7 _ .
, . ' o e VA

4 ! . ’ ‘ ) ' - x:

., To- explore the effect of the BUGGY game on Tth and 8th graders
and to discover what type of additional’ instructional material and
activities .must - back up the use of’ this computer based system, we
plaped.a terminal running BUGGY in a classroom. The teacher provided
a short introduction to the game and the notion of bugs and then the
;students(13) were free to use the system.during)the term. During this

experience, we noticed .the ,folloving§$henomena. When the students
»Tirst started trying to discover the underlying bugs- in BUGGY, their.
- most common reaction was that upon seeing"the mistakes of the
simulated buggy studé&nt was to exclaim . "Wow, how dumb and stupid .this -
kid must be." However, after a week or so of exposure to'BUCGY, the
bstudents' reactions changed from beliitihgifhat the,Simulated - student
zwas dumb to' - one of appreciating(that .here was, in fact, a systematic
explanation for what this student was doing. They began‘to see that
.Lit) had fundamental misconceptions .as opposed to being just
stupid. This result is particularly exciting, since it'%aves the way
for-‘students, ‘to see their own faulty behavior noﬂyas being a sign of
' their stupidity ' but -as a soarce of data ‘from which they can "
.'understand their\oznézrrors.‘ ' . o C
Unfortun,ate'lyx . we have . as.  yet ~-no,'data, concenning the
transferability “of” this awareness,'anﬁ whether or not ‘it will lead to‘
estudents' being more capable and MiIling to look over their own work
for errors. . - ' : o

- ’
L)

o ' P R ‘ ' .

@

T43) All of the’ students partic in this activity had already

ipatin
-mastered the rocedural skills be%ng “"bpugged". In fact, we have .-
severe reservations about the advisability of younger st dents usin
this particular game especéially if  they haven't mastered thefcorrec
versions of tne skills comprising the 'network.:r However,_ there .are
extensions ~3to BUGGY (discusse %g the last section) ‘that make it

appropriate for school childrén in:
procedural skills.-

e process of learning the given

o




“Section 3

.0

ﬂIn this section, we describe a diagnbstic system that is based on

j our arithmetic procedural network recently completed by Burton. Thef
hotion ~of modeling procedural skills as g;ggytablefnetworks and then
, expressing all potential misconceptions as buggy -versions .of

suhprocedures -in ?he' network provides a technique for'efficiently
determining the cqnsequences or sxmptoms of'a.given collection of bugs-
on a set of problems, It therefore has the potential of diagnosing .
and . explaining all of the procedurally incorrect answees for any given
problem.  For example,"as. we. indicated  in Section 1, given a
procedural nq%work for additzon and an addftion problem‘(like 35;782);

all the buggy\,subprocedures as . well as. combinations of bugg
subprocedures, Ycan be inserted . and_‘thén executed in the addition
procedure Qne by.one.s that all the possible buggy answgrs 'ﬁof the
problem are generate3 . Those answers can theng\be compared to a
student's work to de rmine possible explanations ofhkth student'
,particular misconceptions. In this way, dne might use the procedural
‘network to diagnose a student's basic misconceptions, over an entire

homework ass1gnment or an arithmetic testn

i

- paradigm for iagnosing a student\ One 1igs that the student. who has:
’develOped a novel s1ngleton bug (as'opposed to one that arose out of ,a

- combination of '"primitive" bugs) will not be diagnosed Another is

" There - aze, however, several complications. with this ‘simple

that students dg‘make;"random" ‘mistakes (presumably as’ .many while =

following an incorrect - procédure és' a”;correct onqg\/that could \
rerroneously lead to the's exclusion of, his bug or the‘ inclusion of -

_another bug that happened to c01ncide with his "randomness" Finally,
blindlw considering all possible combinations of bugs can lead to a

,c;%binatorial explosion of poss1bi11ties. In what follows, 'wei shall
1discuss some solutions to -these: problems. . h - . c &

., p K

s a  first ;step - in developing techniques foy automatically
dia nosing a‘student's errorsd we sought a large data base of ‘student
answers on some arithmetic test.  We started out this way- for two
reasons: First,.an analysis of the student errors”not already'
explained by the exist1ng network suggests°extensions to the network

. R : . .

)
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"that.may havgwbeen overlooked..‘Obviously,' if the BUGGY system is-

reveals which procedural errors,,occur most

going to ~ be useful mﬂ;a diagnostic tool, its arsenal of bugs must be

‘very extensive! Second .oncg a "complete" network of bugs h@s been

constructed, analyzing a large data base provides some evidence of how
many student errors' are procedural rather than "careless" errors.

Such an analysis also indicates how consisten\ly students apply buggy

. procedures.‘\ﬂo they wuse the buggy procedure- .every time: it -is

appropriate? When they get a correct answer does that contradict the

‘use of-their buggy procedure, or is 4t just that the buggy proceduré

for this problem gggg producewthe correct answer? Th analysis - also
ofyen, and “3n  what
combinations. Answers to -these questions not only influence the

design, of the diagnostic system (as we 'will see later) but also have

Jan impact on how that system could be used. _” .

- s

We wete fortumpte to be able to obtain a “large collection - of--
pertinent data(14) already in computer readable Vform.- This' data

stemﬁedﬁpfrom &an achievement test administered in Nicaragua to 4th,

5‘5th ahd th graders. There were 10 diffegent test' versions, each

consisting of 30 problems combining both simple- apd complex addition

~and subtraction problems. One version of the test is given in . Figure

4, 'The.makeup of each test'_followedua complex probeduﬁe discussed‘by

N

,Fniend (f976), _ e v B R _ q\
/ .’.‘(; 1 ‘J ‘.y . " .
3 : L . Fig ure U _ . o : .
. A Sample Test ! 5 :
1 8 T 99 43 333 . .213  —633 521 81
+2 -3 49 -79 41 21 =221 202 =17
= 2 =0 e el T gBEe e —
g;i | N\ | ' " .
123 (8769 9 . 257 '5'9\7\’\’6523 156 10 8 731
Nk ViZor 91 © -1 +15 1280 873 o1 5 WELY:
610 . + + — +
+12\ ; — R -—
565 . 4039 7 705 17 10038 - 864 10060 ®57 700+
743 C-gﬁ 1% -9 2390 -43719 . -98 92 =94
12 — +47 —_— ~+5 —_ ' 833 —
+35 . - - T ‘ +3 +43 o
(1M)ATHe data used in tHis study were made available by the Institute
for Mathematical Studies n the Social Sciences at Stanford
University. The dafa were collected in Nicaragua as art of the
Nicaragua Radio Mathematics Project supported y Contract
A10/CM-ta-C-73-40 from U.S. Agency of International Development. ‘- We’
are grateful tq Barbara Searle for allowing us access to the data.
See Searle gt_al 1976) for a description of ‘the NRM project.
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Admittedly, these: d;ta_:have theJlimitation that the pa:ticular
reSults_ derived from: thel'"are_ nob\ﬂnecessarily generalizable to
‘American schools. Althou%h 'the procedures taué\}%?or addition and
_subtractiol
of the

re similar, tte environmental and cuB™ural »experiences

'tudents are quite different. -Nevertheless, this data base

provi 'les a convenient starting point. for this research as well as ‘a
) .
~genenal »idea of the percentag\' students making proceaural as

to "random" errors. 'In additie¢n, the methodsv'we ‘devised to

. oppose
analyze | these data would apply equally well to_data-collected under
other cincumstances. Y B o .~

¢

The data base available' for this ‘study  was"large - 19.500
problems performed by 13@0 Estudents.‘ We' limited ourselves to:
‘consideration of just the subtraction“problems on the . test because the -
addition problems ‘'ihcluded some in. which three’or more numbers_were to

be added -- a condition that can produce errors not modeled in “the
. ’ ',_:} ,

present addition network., SR N L P
< As a first step;! extended the BUGGY system to produce "bug
comparison" tables for students as shown in Table 1. These “tables

‘lSummarize how, 'well the™ studena's behavior can be explained~ or
predicted by a simple bug in the. network. The format of a table r§ as
'follows. The probLems with the correct answers appear at the top of
each.”table.j‘yjhe student 's answers: appear on ‘the next line using thesfgﬂ
convention that "-" 1ndicates a correct student answer. Each’ of the
remaining lines provides the name of a bug 'and the answers produced by’
‘the 'assumption that the student had this and only t/}a»bug .(15) . ‘For
each of these lines a neeen means that the bug predicted . the student 's
incorrect answer.- A T means that the bug ‘in that row would give the

gorrect answer and also that- the student got the correct answer, ¢ -

Thus nan  and nEEEn ind1cate places of agreement between the student s
behayior and the simulated behavior of the bug., An ‘ wyn means that
"the bug would give the correct  answer, but that the student'gave an-

incorrectione;(16) A number which;appears_in a bug row is the answer

4 o .

§15g Descriptions of the bugs appear in Agpendix F, .
(16 1£n b tg the "#" and. the "!%" cases, bug ‘has .not manifested
itse

in the answer as an error. For, exagble, if a bug is 0-N= 0 it

L
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IR Table 17
‘ : An Initial Bug Comparison

f ix

Lo o~
" 99 353 6 81 u76 257
‘39 332 2%? 17 9 161

8 6523 7315 1039 705 10038
3 : 1280 6536 .jﬁﬁ_:»g -53?9 98 .
5 20 11 412 76l u769- 96 5243 1995 696 . 5719 9962 6907
Student answvers: : < ' :
T D S I I T 738.1095 706 14319 10078 7097
'FOHEET/BORROH/OVER/BLANKS : o
* #e% ##% 15719 10062 7007
*$TOPS/BORROW/AT/ZERO: . ‘ S - -
;8 » . ,‘“ # A #* 1_“ . # g | - #as 3“ 6719 10062 7017 -.
*DIFF/0-N=N: S : - o - ‘
o ~ L S ) P ] P »s‘ l\d 839 1 N ,9978: v
" #ADD/INSTEADOF/SUB: Lo ?,"- U \
1% 1787695, 854 #4%° & " wwx 7803 167 13851 1083 F1u 14357. 10158 7095

4 1, .
that the bug would give when it is different from ‘both the student's

answerﬁand the correct answer, (17) f . ; e
Initially, any, bug thet explained any of the student's behavior

(i,e.} generated at.least one .- "“‘") was ' -included in the table.k

'However, these tables proved to be too large to conveniently read so a

routine was® added “to - delete any bug if there was another bug thatl

3accounted for the same set of answers as well as some others.é

“'y

'student has a particular

When we are determining whether
bug, "#n and nEREn ‘are confirming evidence that the student “has the

bug while both "l",.andx numbers ﬁn‘ the bug row are disconfirming

evidence.f We'refer to the results' in, a .bug comparison"tabﬂk as

ﬁevidence" because there may be seve%al possible explanations for any
particular answer to ‘one, problem. , The student ' may- have 'made a’
careless error while fellowing his bugged procedure,_therefore leading'
to a number in that - bug row instead of a'"“‘";‘ He may have, an

unmodeled combination’of bugs, only one of which manifested itself and

~n -

'

resulﬁed in an """ in the row of the other‘bug.. Or he may have. been -

following a totally different procedure or no- procedure at all, thét.
Just happened to give him the same ®_answer as a bug leading to a neEEn

~

would not show itself in a roblem unless -there is a 0 in the
problem's. top number (or O 1s generated during soluti@n by borrowing
from a coluitn with a 1).,llw
(17) An additional case. arises when the student does not answer . a
roblem. Although none of our example tables will include this case,
t" is marked with a_"#", "#" is also used in & bug "row <to indicate
that the bug couldn't do the problem. We saw very little evidence of
students not doinﬁ a problem possibly because the students were given -
as much time as they wanted to complete: the tests. . . .

Ry ’ [ e
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in a bug row. The fina1 decision on whether or not the student is

_ using a buggy subpnocedure must be made by considering «all- ‘of the

_evidence, from- the, test. But -how should ggnﬁlig&iﬁg~gx1ggﬁgg be

M_weighted and summed? - g .;, cL T e s
' Let us consid%r an analysis of the bug comparison. table for a
partipular ﬁﬂtudent, riablg 1; Both “*FORGET/BORROW/OVER/BLANKS and
'STOPS/BORROW/AT/ZERO produce the same answer in problems 11 (1039-““)
and 12 (?05- 9) --- the errant student answers. - But heither has
panticularly good agreement across the rest- of the table. Which, ir
either, misconception was -the student . operating ) under? . Our-
inclination is to believe that neither bug satisfactorily explains the'
behavior, but /how - does _one .decide. in general? To answer these

questions, we analyzed "by. hand severa1 hundred student's tables 1ike,’

the one.in Tablle 1. V “During these formative analyses,.the tables .were
examined to fe ret out students whose behavior was not captured by any
existing bugs. The work of these students was closely scrutinized for .
~any" underlying computational pattern. o If a patternf could be
d}scerned;'t;e incorrect subprocedure was defined and-this new “buggf

was added. t
bugs grew from ig,tg\bb.f

of the 60 subtraction bugs® discovered during this period

the networkf‘ During this formulation period our list of

| Most _
.were pri itive;' in, the - sense‘.that each redefined _‘only one
-subproced re: in*the\subtraction neﬂwork. Was‘it pos%ibie that some of .
" the stu ents' beﬂgvior was due to multiple bugs that we had failed to:
'notice? To . explore this possibility, - wWe -programmed .the BUGGY‘
diagnos ic ‘system to try all nalgg' of ' bugs. - That is, buggy
definit ons of two subprocedures were systematically inserted and then

execut d. (18) - This process. turned up « 270 bug combinatiOns whoae

sympto_s were different from any of the primitive bugs and f

1

other in one test. of . 15 problems,

(18) During this process, bugs which were alternatIve definitions‘ of
* the |/ same conceptudal procedure:, of course, could, not be- paired. There

were/ also cases where one bug would preclu another. For example,
SMAIJLER/FROM/LARGER precludes an§y of e bugs’ in .the |bhorrowing
pro¢cedures as borrow ng is.never required. In these cases, a bug c¢an

revent ;other 'portions of  the network from ever being executed and
e ce,"switchin§ in" 'bugs in the unused portion - would be useless as
lo as, the higher bug remained in effect.' Rather than an extensive
an is'of the otential inteM™actions % we opted - .-for  the
si p¥ r solution of comparing the bugs via the r symptoms over a. fixed
se¢t of problems& .

. - = . N ) .
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In ‘order to. illust\ate thE'diagnostic'power:of this generative.
technique, consider the example of the student whose work is shown _in{“
“ Table( 1. ‘VFrom_.Table\i1, .no' discernible patterv is evident " The
\-stqdent s' Work does however ' admit to - a. beautifully simple
‘:characterization which 1is the composite of two primitive bugs.f Table*
:2 wshows "the new ‘bug- comparison table that was generated for this
"student' from:_compariSons ‘using _multiple bugs (19) Notice that the\
comparison line which resulted from the combination of t . wo bugs is
| substantially different from either of the single bug lines 'or even
from a linear combination of the two comparisons. This is due to the
nonobvious interactions of the two bugs, particula?ly where the
intermediate products of one of the bugs enables or disables the other
bug. For example, in problem 9, (103 6&),‘the "0-n= n"”bug alone will
not manifest its%lf because the, borrow from the first column will have'
changed the. 0 1in the second Jéumn to ‘ 9. However, . the
"stops borrow-at- zero" bug(20) has the side effect of not changing the
0 to. 9, _and hence enables the "0-n= 0"‘ bug.- In” general the
interactions between bugs can be arbitrarily cohplex.' This can make a .

‘teachert's diagnostic ta&k very difficult. :

N\

- XT3 raple 2 -
Multiple Bug Comparison Table

~ N 4

10060 7001

8 99 33 81 4769 5‘7 6523 10 3r5» 10 705 10038
3 79 %32 %21 17 0 161 1280 3 g 33 ' 4319 98 94
S% dEBt 1;-@- ‘64 4769 96 5283. 39 779 995 686‘" 5719 9962 6907
‘Studen wers: ' : . v . CTLl e -
CUCSDE PISWITSTgw . was o 169 .738 1095 706 14319 10078 7097
(:DIFE/O-g:N.lSTO?S/BQR?OYfAT/ZEﬁoz._ 83§ ess sus  wan e -
'ADD/INSTEADOF/SUB: " v o : < )
95 854 .###, ' wws 7803 167 13851 1083 714 14357 10158 7095

'11 78 6

_ Using the multip e bug cquarison tables generated for about one
hundred students, we identified which of the students, in our"
_judgment, wer%’m king procedural, as opposeﬁ\\fo careless orﬂ.random

-errors. During this hand—done.classification~process, we articulated
TN » g _

(19) In the. tables multiple bugs are shown as the names of the'
rimitive bugs enclosed in arentheses. ~ .

In the "stops~borrow-at-zero". the student doesn't . know ‘how
to. ‘borrow from a column which has a in«the'minuend so he doesn't do
anything to Yit .- He does however add 10 to the column he is

" processing o e o . ' T
. L P : [
[ — . - - ~y ',.\
. . o 29 30 N
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fand.refined'dur intuitive use of the &vidence from a studenti .entire
test fin order to make ‘that decisidn.' Eventually, our understanding
and description of the"process became: precise enough " to be

- computerized so that: it could be run on all 1300 students. . ) ¢
- Tour hand -done study suggested *osix’ intuitive groupings of

students: : R . ' Co ' : - L
B Those students whd got all the prob1ems~correct o
‘2. Those students who erred on any ndmber of problems but whose

i errors were explained one bug or one bug pair. '

3. Those students who clearly exhibited the presence of a bug\%%jin
who also exhibited some behavior that s not- explained by L

, bug. ‘ _ ..
. 4 . ) - : N
, 4. Those —students who missed’ only onb “or | two (of _fifteen
/ ) .prob1ems) and in a way not consistent’w th .any bug :

2

5. Those students who exhibited some bug y behavior ‘but not'

consistently. . ' o . Sy Pt v
"6Q-Those«students whose,hehavior appeared r ndom re1ative to‘ the,
- known bugs.“

2 s . - « el .

e— Y ‘C\ R . ,g' . K ¢+ . . .. ‘
Tables 3, y and 5 show representative student{ from groups 2, '3, and
5. -The intuitive justification for these group ;&

possible " tutorial approachesAVa teacher mig t_také to remediate‘af

ngs emmed from the

istudgnt The’classest'of' studints and .the ; ossibie_,very general

tutorLal approache’s we. Paw -are: e ¢ T

i. those students. who are cbrrect or very near1y "ecorrect a
Lo probably just, need iore practéce if any hfhg«(Groups 1 and L

d
;
9 ii. iﬁhose ‘students who are .e biting consistently &ncorre t,t
ehavior and, refore, wHose remediation may - profitably be.
.. yiewed, as a proceg "debugging" -the-_student' ) present
:algorithm (Groups 2 and 37 .

‘1

,4ii. those students for whom a thorough re- teaching of the_‘entire
a1gorithm appears to be essentia (Groups 5 and 6). L
’ ’ ’ ' PV \/
. 4he are definitely ngt saying that for a11 ‘students in Groups 2 and 3
that the onbg or even the best pedagogy is - to focus on the student'
.-buggy . procedure. : Instead, we are trying to identify those students
who are consistently making the same mistake and- for whém‘debugging of’

his procedure may be usefu1

K3




Example of A Student Whose Behavior is Well Explained by One ‘Bug.
The bugéh'BORROW/FROM/ZERO vis that when borrowing from -a c¢olumn ‘'in
u

: Table 3 . L o

'U whieh p number-is 0, the student writes t does not continue
borrowing fr the next coiumn to the 1eft . : . '
8 99 3 81 4 69 2 7 6523. 1o 315 10 .705.Joo§8;16060"7oo1
3 9 3 g 7 t 1280 536 %ﬁ r'u319_ 98 94
5 20 11 412 64 4769 96-5243 39= 779 @95“696-L5719 9962 - 6907 -

- Student answers: . y T o T . .
=== e A e TS v 1390 -0 1995 T 76 15719 10962 7007
35'9 0.0 1) = *a T S ' ;

BORROW/FROM/ZERO: -~ = R , . . : : o
% L % % ] * 0 % lll' 'l. [ X X ] ~796 L X X} lll.‘ ,lll‘_,

:""_. {f

N " e - 'f;v Table u.T ﬁfigdt ‘ F  *:f "f;"'f
Example of a Student Who' Exhibits' Consistent Bug .
But Also Has Other Prob efms, .
8799 353 633781 4769 257 6523 - 315 10 705 10038 10060 001
3 7Q 332 221 13 LO 121 12801 g 32 4339 98 - T 94
5 20 -11 412 64 4769 - 96 5243 -39 779 .995 696 - 5719 9962‘6903-
Student answers: - > ) L ) . .
- = -,wu_ o= .=+ .- 9 1209* 95 704 10019 70 6007 =%~
.(®*DIFF/0- =0 'MOVE/OVER/ZERO/BOR OW): ',»re . C RS
R e 4ﬁ <o B8R T80G  we# 606 LY an o owwe
1 55 7°1.0,.2) ) - S
'BORROW/ACROSS/SMALLER/ADDING/ N/EX EPT/ZERO 'DIFF/07N=Oz ST 4
% 8 [ l‘ 1 | X ) 8 [ X X | 606 [ XX E e [ X X RO
. (2o h22) o . S - S
‘(1SUB/UNITS/SPECIAL 'SMALLER/FROM/LARGER&O-N:0) . N
LA R bl ! #:116 5363 ¢t '!! 1015 1 !}*'10042 !
: (3420860 , o N o .
#BORROW/NO/DECREMENT *QUIT/WHEN/BOTTOM/BL:ANK): " W
LW R e REE 9 196 5343 4971889 s¥# "6 6729 72 17
{15 0:2.7) : . o o e
. BORROW/NO/DECREMENT : . T R - L ST
B » - LA L B ]96153u3‘149 1889L1095 706 16729 ]0072‘7017,

' - ~ i
\ : toe . .

15027) . ' .
SSMALLER/FROM_ ARGER: e

R *) !;,7? : N 116 5363 161 1221 1015 ##% 14321 ]0038 7093
Best guess '('DIEF/O N 0 'MOVE/OVER/ZERO/BORROH) . ‘ '
GROUP=3 .

’ P o .
) o N o
t - 40 L




Table 5 p

Example Pf a Student Who Exhibits Some Buggy Behavior But Not
Consistently :

¢

' ] 7, “'-. > B *
99 353 633 81 4769 257 6523 10 15 10 05 10038 100

3 79 342 221 0 16171280 3 g3 33, 7‘3 'u§1 ’0088 7083
5 20 11 412 64 4769 96 5243 39 779 995' 696 -57194/9962 6907
Student answers: . . ) . - . .
tror 70 98 1. 01097 83971095 706 14319 700 001
(4620 3) . '
*DIFF/Q0-N=N 'STOPS/BORROW/AT/ZERO) S K :

B & - % 2 1 169 #EE  Enn Ba® = =E® 1A078 7097
(4 6.2 0 3) " - |

#DIFF/0-N=N 'FORGET/BORROW/OVER/BLAN S): , N : :
LI ] 139 EER aEE aas ;}\ 1078 7007
éu‘s 10 4) ‘ ' L - )
*DIFF/0- N=0&1- N=1 'STOPS/BORROW/AT/ZERO) o o,

) T S | 71 # | % . wms g0g mms mss 10019 10090 “"#us
(15.0 1 8) T | B : SR R
ZERO/INSTEADQF/BORROW: . : ‘ ; ’ 4

il #® ® #%% ®» . 106 5303 100 1000 1005 700 10020 10000

GROUP=5

3

7000

The . algorithm that we eventually converged on for assigning a

student to one of the six major categories defined on p. 28 is rather

involved so some’ readers may prefer to skim the following discussion

If tne student erred on at least one problem, each bug was

rated

’according to how well -it accounted for_this behiavior. Thi-s rating
“results in a group number for each bug.(21) The rating of each’ bug

depends on the number of answers falling into each of five groups;

i. those student answers for which the bug predicts the student s
- incorrect answer (the number of "kang, appearing in the. bug's.
’

line referred to as N"'

0

~i1i. those student. answers for which she buﬁysredicts the student! s

correct answer (the number of "

'Lii.‘those student answers TtTor which the bug predicts the

correct

answer but which the student answered incorrectly (the number

of "I"s -- N!); -

iv. those student answers for which the bug predicts an incorrect

-answer but which the student answered correctly (Nr);

V. those studént answers for which the bug predicts an 1incorrect
answer different from the student's incorrect answer, (Nw)

Vs

-

~

(21) In the actual implementation, the bugs are ordered by the

symptoms accounted for and are ranke
until tge group number increases.

14

- 32 -

number

from tHe most promising bug



This analysis gives a symptom vector of five numbers (N#2® N® Ny

Nr, Nw), examples of which are givenvin Tables 3,4 and 5" on the lines

'above the bug ‘names.

From the symptom vector, a group number.corresponding to the ' six-

major categories ‘of student behavior given on p. 28 is calculated for

each bug using the following procedure (22)

A bu% indicates Group 2 student behavior if it agrees with all
he student:'s answers (N! + Nr + Nw = Q) or 1if. %rees
more than 75% of the time on problems in which it pre dic -
wrong answer [N"“z 3 x (N! + Nr + Nw)l. .
i . A bug indicate Group/3 behavior, if it.explains two or more
C student errors &anng_qredicts ‘more_correc than incorrect
answers (N### +-N1/2). 1In this formula, those

BUG
. analysis of all 1325
tes

problems in which the 'bug did not exhibit a -symptom are
weighted by half -- the intuition-is that on these problems,
~ the student may be exhibiting other bugs as well.,

A, bug y also rated as 1ndicat1n% Group 3 behavior if it 1is a
rimati bug (not multiple) that  predicts more than half of
he student's errors, and- that predi cts erroneous behavior

more times than it’ fails to do So (N®*#% 5 NI 4+ Nw and N##%

;Nr) . ; .
) A bug indicates Groue be vior”if it predicts at 1least 2
incorrect answers (N B >2)., : } :

-Otherwise a bug is rated Group-6t ,

The student is. ass1gned the group number of the lowest rated bug.

If the 1owest rated bug is not  Group 2 or 3 and the student has m1ssed

only 1 or 2 problems,. he is put in Group h., If ‘the student is put in

Group 2 or 3, the bug with the 1owest group rat1ng (and which accounts

"for the most sympt%ns in cases of t1es) is chosen as the most 1ike1¥J
- hypbthetical student bug. .Examples of this result can be seen in the\

rast line of Tables 3 and i

i . . |
\

Diagnestic Results for M;Qarag an Data Base . -

~

The above class1flcation procedure.was used to anélyze the. set of

- test responses for 1325 U4th, 5th, and 6th graders.(23) A summary °f.(‘

the diagnostic class1flcation by grade is g1ven in Table 6. As can be
beenu_‘nearly 40% of the students exhibited cons1stent1y buggy
behavior: This ., figure agrees with a similar result report®d by Cox

(197&)’~ The’ similarity across grade 1eve1 may be due to the fact that

’

additdon and subtraction are not presented again/a{@er the Yth grade.
o . . .

(22)v

As we have said, the classification scheme was based pr1mar11 on
empirical studies. There are intuitive Justifications
(rationalizations) for each of the decisions; however, in the final

analysis, this algorithm was used because it cldgsified students . in
close accordance with our hand-done analysis. i ‘

(23) An  implementation note: The entire data "analysis rogram
including" the GY Subtraction models is writtenm* in INTERLIS . The
tudents against the 330 bugs required- on the

s
order of 90 minu of CPU time on .a PDP- KL10

-

.\“ . 333_
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L Table 6 : : -
Totals agngercentages of Student Classifications

'
L

Groups 2 and '3 are consistqu%y follow1ng an incorrect procedure (See
n

text for further explanatio .groups. . , -
L » jﬂGr*‘o up ; .
o SRR I e v ¥ o
N ) - | 1 / . v2,. .4.-, ‘ . 3',‘ - F ) : u‘ ) I 5 . . 6 - Toﬁ_al S/ ;
“Grade } No.(%) ' ‘

g 10~ 101~ 93i 31 197 ~ 727 :EEL///r .
2.4 0.5 18.9 8.6 | 39.5]| _~14.7 L100.0 N
N T 86 73~} 38 132 60 _~ :E?L///"'
. 4 3.0 2.0, _~18.7] _~0.0 33.5 15.5 00.0
6 11| 88, 64 w1 131 75 :EEL;/K:
| 4.5 | _~21.3 15.6 | _~11.6 1.5 18.2 }-100.0

A 275 | 230 ' '
Totals 37 75 3 . 116 460 207
, 3.2 21.2 | _17.8 9.2 35.2 16 .1

N
RN ’ . .

It is interesting to note that the most common 'bug was'ﬂ“when7

lumn

borrowing 'is required from a column ‘in which the®top digit.is.b,f
c

change the 0 to a 9'but don't continue borrowing from the next
to the left"; it occurred 107 times in ~the 1325 student tests.
Appendix 5 gives the frequency of the 20 most commpn bugs. '

) e )

s -
P
/

What Does a Test Secore Mean? o ; /
BN N [y ) o / _—
One of theiramifications of this fully g'automatic -diagnostic

téchnidue concerns 1ts ability to score tests based on what a student
knows or doesn't know as opposed to scoring it ‘based solely on the
numper of right and wrong-answers on his test. Even with the advances
in criterion referenJed testing, it remains true that a test is simply

scored by what problems a studeht gets right or wrong. Because of the

embedded nature of most procedural ‘skills, a student . can get many.

.probgems wrongﬁgimply by having one fundamental underlying bug in a

———
-primitive subprocedure that he - is using to solve different problems on
the test. . In such a situation, the score that & student gets can bear
little reIationship to the misconceptions that he actually harbors! A

student - can receive a. 1low score either because _he has' many

{
misconcepufbnsi'each one of which is more ~or less, f{he top of . the

procedural network of skills he is using, or he may possess a- few, or

&

v
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even ;ust one, misconception that . is deep down inside _the internal_

workings of the procedural network and which is constantly being used'

to compute intermediate results used by higher-up subprocedures.

Current techniques for correcting tests do not ofﬁer easy and

reliable 'methods of separating these two situations. The diagnostic

modeling technique*discussed above canh take the answers-that a student

gives on a test and,.through its modeling system, show not only which,

duestiohs were answered incorrectly but why’'they were incorrectly

'answered. It is interesting to note that 107 of - th; 1325‘°students_

tested . had a bug in their borrow from qué subproce ure and- missed 6
© out ‘of the 15 problems ‘on the test because of this one underlying bug.
“The characterization given by BUGGY is a much fairer evaluation than

scoring these students 60% correct. -
\ . . .d o
- . .

A'Methggglogigalnlggl for dgdgjgg';pg nggqggtjg Qualify of a Test

H .

The procedural network apparatus also.provides a methodological

tool for judging -the quality or diagnostic capabilities of a giveni

test.»This allows. one to talk about how ‘well the test can discover ‘and

delineate‘ commop misconceptions. Given a test, each bug in -the
' network can be used to answer all of° the problems. The resulting
"buggy" ,reSponses are then used to partition the bugs two bugs  are

ut in the same partition iffthey produce the Same answers to all of
the- test: problems.f Those bugs in the same equivalence class or group

‘are undifferentiated by the test. "Diagnosticity" of\the test can now

_be defined in terms vthe size of the - resultant equivalence classes.

Also, any bugs 1n th“QBame group as the correct anshers are not .being

tested for at- all.. .Taking the test - in Figure ‘4, this 'system -.

discovered- that 'a student can ' have = either of two bugs

(BORROW/ACROSS/SAME  or N-N=17/AFTER/BORROW) and still 'get 100%

correct answers. S 'u_.', » T V - ’
‘Such a system could'provide professional test designers with a

formal tool for establishing.the diagnostic ouality of a proposed

r,: our belief is that pnofessional test designers have

good intuitjons aboutgdiagnostic tests. This bel}ef was confirmed by

running WO standardized national tests through the 330 subtraction_
bugs. -One of the tests left only one hug (unexpos d—1n problems
while the other left 4 bugs unexposed inxlo,probf/ms. The unexposed,

’
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bugs uene rare for.they were,not even found in3_the Nicaraguan data.
-There 1is a difference, howeuer,‘betueen exposing a dbug and diagnosing
it. Exggging a bug amounts to having at 1east one problem on the test
in- which the bug is manifested giagngs;ng a. bug requires hav1ng test
problemﬂmuhﬁph differentiate between it and every other bug.
Using the Artificial Intelligence paradigm of generate and- test
it  would. be straightforward to . use BUGGY as a diagnostic te'st

generator. . The problem _generator' must prodﬁfe' ‘"interestingly"
differen@b problems. This"generation can _be\done \using important
features of problems -such as the’ number‘ of times _borroz4ng s
necessary, or whether or not a zero‘appears‘in the too‘numbe'. éetsf

of generated problems cani then be fiitered using * the proeedural

network vb identify bugs uhich are not diagnosed "from the bugs left
- undiagnosed, features can _be retrieved whidh direct the generation of

a1ternative problems to be added ;to the test. In this way, a highlyq

diagnostic test can be defeloped Furthermore;'since the answers that

would be generated by using the bugs are known, the test could” be a
(17mu1tip1e choice test and stiil ma1nta1n its tota1 d1agnosblc property!-

Sim11ar1y, a rea1 time adapt1ve testing’ system could be created basedh

on these ‘tools. #)
’ . : '_ A

> B . " L




W _ o Section 1V
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This paper has presented some of the problems that must be 'faced

" in diagnosing failures in procedural skills,'and has described ‘some

{
ideas about the fonmulation and implementation of - diagnostic modeling

technique& that addressm'these pr%blems. It has also presented ‘some

<

novel uses of - diagnostic models as, a gaming/instructional device, ‘as a

deep-structure test grader, and as a tool to- Jjudge ‘the diagnostic:

quality of a”test or a set of problems. ' The central 1dea underlying

this research is the. use, of a prgced n as a means of-
representing diagnostic ‘models. ‘he critical - properties of this:
representation scheme are its abilities to represent an appropriately:

structured breakdown of .a skill into subskills, to make explicit the

’-control structures underlying a collection of sk111s,'and to make the
knowledge encoded this way directly executable.' Such a'representat on
or executed _so that the ramiflcations of the mod1fication canf be

quicklyﬁascertainedx The structure of the network . becomes imporjfant

not'only“because it allows“efficient“mod;fication' ut also becaus the

representation of the modification can be used to contain explanatory

or remedial materlal (24) 1In addition, the structure allows certain

types of control structure failures to be d1rectly epresented 1n the{

'netwofk and hence artlculated -- if necessary.

ind cturalwﬂodels.

We now .turn to- a”(brief look at .the past and Xurrent work on

structural models of students and h5w they relate.to diagnostic models
based on' procedural networks. Most of the past and current research
on this’ subject has. been focused on the intuit1vely appealing notion
tirat if orne has an expliclt well formulated model of the knowledge
"base of an expert for a given .set of skills or problem domain, ‘then
one can model a particular student'sfknowledge as .2 simplification of

the rules compr1s1ng the expert's procedures (Brown and Burton, 1974

Collins, Warnock and Passafiume, 1975; Burton and Brown, 1976; Carr

s

2h) Contrast‘ this . with the-f(admittedlg strawman) “technique oOf
randomly switching instructions. in a mac in

duplicated, the resulting "model" would be worthless as an explanatory

device or as an aid to remed1ation.
e ' P R

- 37 _to - “,‘ . \

‘ e language program which
carries out a skill., ‘Even if a student's behavior could be

LY
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andfGoldstein,v1977) Recently, Goldstein has expanded this' concept
in - his Computer Coach research and has coined the termﬂ"overlay

model" for capturing how a student's manifested knowledge :of skills

. relates to an expert's knowledge base (Goldstein, 1977). N

’ The .work reported in _this paper differs’ in that the'basic

. modeling technique is based .on viewing a structural model of' the

student not as a simplification ‘of the expert's rules bﬁt rather as a

set of semanticallv ganinziulldeviations from an expert" knowledge

base.(25). Each . subskill of the expert is ‘explicitly encoded, along

with a set of potential misconceptions of that subskill., The task of

4inﬂerring a diagnostic model rhen becomes one=of'discovering which set

of variations or deviations ‘best explains the surface hghavior of the
student. This view is in concert withy, although more structured than,
the approach taken 'by"Se'lf-(1971¥) in which he models the student as a
set of modified procedures i taken? from a procedural_ expert
problem-soliwer. ) Z-; - I ’

Another " closely ‘related approach to modeling a student'

knowledge .base ‘uses a productiOn rule encoding scheme (Young (1977)

and Smith and Sleeman (1977) ) However, procedural networks —differh_
both theoretically and computationally from thesE‘efoQtsﬁii_ihat théi'

are designed |, to make . explicit fthe representati of wthe.'.
control structure knowledge underlying a macro skill so that it can be

efficiently diagnosed and, explicitly tutored

In ‘the remainder of' this section, we present our View of the more

S

promising directions!for research relating to- diagnostic models.

&

Extensions to: the Gaming Environment

introspect _,on their already ‘known procedures s well as.

L}

. In the second.section, we described the BUGGY game /which was
designed to introduce the not#dn ~ of _"dgggy" behavior and provide
practice in diagnosing it. . Although this activity' was 1initially

designed for training student teachers in diaghosing and articulating

PﬁQCedural bugs, it has.also been used as an actiVity towgit kids to

. :
o] ncounter)‘

.

(25) Because these deviations are based on both the student‘s intended
goals and the underlying teleo;og¥ the subskills, we . have 'no
automatic way to generate them aa opposed to what could be done if
the deviations were based on the -surface syntax .of- the rules)

However, oing work by theuauthors ; well ad Goldstein and Miller
1976), and ich and Schrobe (1%] is directed toward Helping to
vercome this Iimitation. ) . .
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the concept of bugs .and debuggingj strateg&es"in“ an easily grasped

context v - e -t .
~ ' . ‘ Con ‘ : N ' K

v Iy limitation< of ~ ‘the -current gaming environ nt is that most of

ﬁwhat the players learn while ‘using the game -they learn or d1scover on

their.oun. K>>the moment BUGGY does. no’ explicit tutor1ng, it s1mp1y

,protides an’ environment%that challenges the1r theor1es ‘and encourages

them to articulate, their thoughts (26) The rest of the -learning _

_experience occurs e;ther through the sociology of* team_,learning S or

from what a person abstracts“on his’ own.l The pekt step_in realizing

the educational potential of the BUGGY game is to “implement ‘an

‘intelligent ;tutor_ which can recognize and p01nt out weakness (or

interesting facets) ‘in a student' ' debugging strateg1es (27) Our

”experiences indicate that such a. tutor~ would be very helpful for

"middle.‘ school_ and. remedial .students who often get caught .in

unproduetive ruts. The tutér’'could also help focus the student's

attention on’ the - structure of the ar1thmet1c procedures themselves,

It's worth noting that some of the tools . for. constructing :an
’ A Yo

i%telligent tutor for the BUGGY game already exist in ¢he:fq

test. validation techniques described in the . prev1ous o section"

~Nevertheless, thesen'techniques do not provide the_ right kind of

information. for expla1n1ng to a student why -the. problem he just

B

generated vhad little or no diagnostic value, We ‘are currently
explorimg ‘the kind of reasoning required to answfr "why". o -

An 1ntelligent tutor des1gned Specifygally(to help teachers will
profit from a’ theory of what makes an underly1ng bug easy or difficult

to' diagnose. Simple con3ectures ;dncerning the depth of the bug from

&

the surface don't seem to work, but more s0ph1sticated measures m1ght \

It's hard to see how to pred1ct the degree of difficulty in d1agnos1ng
a partdcular bug without a prec1se 1nformation procemsing or cogn1t1ve\
theory of How people " actually formulate conJectures abput the

underlying 'bug or cause of ap error. For example, one -such theory is

that people ‘walk through ‘their own algorithm, looking.for pléces wheney

a part.of.the incorrect answer is dif)fkrent from their own)‘and ‘then’

) ) ’
d B Al - A

»

,ge dagogical potential of zven thi

(26) As a historicaI footnote, BUGGY was . originally developed ,to°

explore the psychological validity f .the procedural network model for
complex procedural skills,. Duriggythat 1nvestigation we realiZed the

imple version of BUGGY as an
nstructional medium, e S - ~
(27)--For examples of Yhe types of ~tutoring see Brown " and Burton,
97e/f977, “Carr and Goldstein, 1977; Goldstein, 1974,
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‘try to imagine local modifications ,to their algorithm that. could
account'for the error. ﬂnder this theoryL one would. expect bugs that
involve major modification ,of the procedure 'such as changing the
direction in which columns are processed to be difficult to diagnose.
Sidilarly one would expect difficulty if a student s algorithm differs
from the diagnostician 8. Given an adequ;te theory, the%gdifficult
Vsituationsf can be watched 'for and correctedv through appropriater
'tutkrial comments diéring diagnostic‘training. : T Co
B Aqother extension to the BUGGY environment to encourage_ further
loration  of -the ideas of hypothesi§ formation and- debuggng is the ,
//dfjelopment of. a 8pecialized programming language for writing Slmplel
aarithmetic ‘procedures. Actually having 'students }write pracedures
. provides immediate focus on debugging strategies == a topie usually
‘vleft until the end in most secondary school programming courses. _In
this limited environment it should be p0ssible to’ construct _an
intelligent programming assistant as well as a- computer-based tutorial
helper that can . aid .‘a student when the gets stuck Providing
students with a 1anguage tn which. they can write their own procedures
also allows use of a game developed 1n the SOPHIE environment (Brown,

° Rubinstein, and Burton,.1976),-where one student, writes. a- pr@%cedure

introducing a bug,_ and  another student tries to 'discover it by
presenting test problems.‘ | q/” ’
o.the Diagnostic I S
Concerning the - use ofg procedural WE§ﬁW°PK$,'aS a‘' tool  fof

diagnOsing real students, we reiterate that the’capabilities of ¢he
: 4 o Tt
preseft system are sol®ely( diagnostic° no: tptoring is attempted" The

_\issue of what tutorial strategy to use, even when it is known exactly

- -One possible strategy is that tbe "expert" portion
procedural network could be made ar tigu gtg in the sense of being-able

to explain -and  Jjustify the subprocedures it uses. Since the system

what a student is doing wrong, is still an\?pen question. .
the

would know theisiudent's bug, "special problems can be chbsen and
special care can be taken while presenting the steps wiere the
student's bug is. This feature could also be used to allow studgnts,

to "pose:their:own problems, to the system and obtain‘a running account

L R . 4
* of the.relevant‘procedures as the "expert":® solves‘;}me' problem.
useful’ notion for  the  articulate ~expert may be to have additionai
l N : . - . . B
- : . #
) - , ) V. Ba .
o a0 AJ - '
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'explanation or,justification of each 'ymbolic'proCedure in the network .
,expressed-in'terms of a "physical" procedure using manipulative.‘toolsf_

such as Dienes“ blocks. 1In this Way,@the execGtion of -each gymbolic

procedure could ‘cause its analogous Q hysica procedure whose execution

o
B

could be displayed on a graphics device, thereby letting the student
see the numeric~or ‘abstract computation unfold in conjunction with a
physical model of .the computation. This approach directly attacks the,.
problem of’ getting procedures to take on "meaning" for a student: the ;
acquisition of meaning is, we believe, accomplished by recognizing
mappings or relations 'between ‘the new - procedures and existing//
procedures or experiences. . ‘ : ‘ »
’ /While we consider the-articulation‘bf the expert to havesgreat
. promise as a corrective tutorial strategy, it is by no means}the only
possihle~ such .stﬁategy . It is possible that with certain bugs (and
certain students), a. clear description of what is -going wrong may be
sufficient to allow the student * to corgect his prob&em Or-it‘may be

~

possible to formulate a ser1es of problems (possibly in conJunction

w1th physical models) ;which _enable the student to d1scover his own
error. Or 1t may be best to abandon,h1s algor1thm Crather than tﬂying g
to debug.1t) and’ start over with a different 'simpler algorithm to'

build the student's confidence. - - Tl

; — esie A 2 o | - . . .
Caution_ should bei-exercisedﬁ in qgeneralizing the procedural °
network mogel to other” procedural skills. . In particular, the aspects .
° of knowledge discugsed here.are almast totally algorithmic in nature.

.containing ‘little heuristic or strategic _knowledge’ in selecting or

guiding “the - ‘execution‘ of: the. primitives (procedures). Many
mathematical = skills ihyolve an interplayf:betweenj_strategic: and
algorithmic knowledge: For example, when“adding two fractions, one

doesn't necessarily compute a common multiple‘by multiplying »together
the two denominators. . Instead ‘an examinatlonl is made of the |
relat onships‘betWeen the tqp denominators‘such as identity, obv us,j
divis bility of -one by the other, relative primeness and so on, jFOn

the basis of such relationships speciaiized pTocedures areAJhosen for.

.

adding the given fractions The rules underlying thgse decisions can
have their own bugs and therefore . these rules must#‘e modelled within
some - representation scheme Although-procedural_network " schemes cam
e * . P A3 ’
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ﬂa represent‘-such ;decision -nules, wecbelieve that.other Schemes, based
perhaps more on annotated' production rules (Goldstein't&'kGrimson,'
1977)2' deserve serious consideration. We are currently investigating
{ a nybrid approach for modelling fractions' (and their .bugs) which

'inyolves merging annotated:production rules'withlprocedural networks.

R4
\

;An important‘area for exploration \conCerns’vthé psychological
validity of the\skill decompgsition'and buggy variantsvin the network. -
That . is, how well do, the data structures and procedure calls in the

'“network correspond to the structures and skills that we expect people'
tof‘ learn? . From the network designer s pmint of view; »the
psychological validity can be-improved or denigrated by choosing wone
structural decomposition "instedad of .another.‘ Determining. a ’
psychologically "correct" functional breakdown of a- skill into:*its
subskills is critical to the behavior of gaming- and diagnostic systems
using it. = If ‘the breakdown of the skill is not correct, common- bugs
may be difficult to model while those suggested: by the “model may ;bec
judged by people to be "unrealistic"“_ For people p1ay1ng BUGGY base
on a nonval;;'network the relationship- between Ats bugs and the'
behavior they observe in people. Elll then be obscure. Measuring the
"correctness" of a particular network is a problematic issue as there
‘are no .clear tests of validity. However, issues- such as the ease or
“naturalness" of 1nclusion of newly discovered bugs and the appearance -
of combinatlons of bugs within ajbreakdown .can be investigated e

Finally, we have left open the entire issue of a: semantic theory'
of: how’ proceduresv are understood (%ndﬂlearned) bf_a'person and why
bugs arise “in the  first place. The. need for a theory of howt
procedures are learned correctly or 1ncorrectly is importanf.for at
least twb reasons; First, an interest1ng theoretical framework that

1accounts fornthe entire collection of empirically arrived at Bugs w111j
undoubtedly provide insight into how to correct the teaching procedure’
that produced the bugs. 1in the ffrst place. Second) such a theory -

§would be the next step in a semantically baséd generative theory of

.student 'modeling. ‘<AS ~ We have state@ earlier, bugs ‘have to be
hand-coded ,1n@b ‘the- network,  now. »One can\,imagine generativelv\
producing bugs by a set of _gyntactic transformations,(additions,
deletions, _ trapspo%itions, '-etc.) baded on ‘some appropriate

' . - . .
& " . T . -
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represenfat}bn language. Whif% somevﬁﬁgs can be'naturéily accounted‘
_for as "syntactic" bugs, others, such aé  inapperriate' ahéiggy” from
otpefi operations or incor§e¢t'generaiization frqm examplgs, are be;f
explaihedloutside of the representation itself - and henc: ‘require ' a
ffsémantic"‘ theory. One of the'by-products of the‘diagnoéis of the

student--data mentioned 'in the previous section .has been. a thorough and

precisg catalogue gf bugsv arising . in_  one -par;icular' skill,

" subtraction. .This network c¢dn now be used to Spggest and evaluate
theories apout_the.origin'of-bugs. . . N h v o
L . . - . - - . PR
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APPENDIX I S S
4 SamplelDiégnostic Test

Whiich of the following students are making- consistent procedural
mistakes and 'what are their mistakes?

Student 1: .
83 ‘ 330 ' -4 89 7 " 354
‘#4106 - ‘ +187 ‘ 4132 e 469
T189 417 nr . - 313,

X _ Exglanatién : , : . .

‘Student 2: = . 7 . , .
94 : 498 ‘ S A "48
-+115 C #215 +26 : +41

e . GTRR o 91 : )
Explanation: ' - ’ : .
4 B o

Cor Student 3:° . ; -
. =tudent J3: : , , o
347 : : 758 ¢, - 437 . L .. 923

; +139 - ' 4296 ' +284 , T 1+481
476 R T Y-Y S ~ 601 . :1304

E_xglan.;éion‘:; e g e e

a

X o .
. . v ) J. \’ x . . ~ : . . ’ i
Student- 4; - ‘ - “ o I \
o e T R - ' .35
109 - -'98 , 98 _ 2

" 4452 R . +105 . Lo4+112 0T T 464

AL . \ 209 . o
. "uﬂnxglénétidn: ) AR o .
. o e // . '
i . )
© 7 Student 5: " e e )
Y v ] L ¢ ‘ ) . \\: )
352 . - 784 . 1784 o 8 -
o +18 +3080 : ~ 43080 +35.
ST 360 o 6364 - ) o, 7364 " ' . 63
. Explanation: . Lo me T ' IR
A - @‘ } -u‘. . ’
5 ‘ fSr' X
JU

ERIC -

Aruitoxt provided by Eic:
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, Student 61

8372" * -~ 6527 . 893 63 -
-657 ' -2394 -195 -47
6725 .. 3233 608 16
- Explanation: — '
Student 7: ) -
913 5394 , 477/ 893 -
=76 -797 . -284 -195
777 4497 7 101 718
Explanation:
i r ~ . } '
i ,’
-t
n .
Student 8: 5 .
394 77 ) 935 126
-166 i ~53 ¢ =361 -117 -
228 24 774 29
Exélanaﬁion: V
, P ,
" -
‘r" L}'_ .
Student 9: .
48 - 394 57 239
-15 -166 -23 -95
a3 | 340 - 760 124
Exglanation:‘ ’ - ‘o ™ .
-
Student 10: '
5 — - . - M
305 987 { 140 , 9280
-108" -320 =56 J -6090
~107 ° 667 290 3090
Explanation:’
’ el -
’ DU

ERIC

Aruitoxt provided by Eic:
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‘tested both standardizmd and informally.

Student Re mueLto_HhatJas_Leanned

In .an experiment described in section , a group of student

.’ teachers were exposed to the BUGGY %ame. This appendix provides
a 1ist of all the responses to the question, "Wha de you

think you learned fro this experience?"

\

I see from this system that you learn from our' mistakes. - In a
certain operation there &re so many mistakes that you can make. When
you learn what the mistakes ‘are - you learn “to. do - the operation

»correctly.

That children's errors can be a way of diagnOsing the way the child
lrearns material. Also it raises.questions about the way a child’ is

A student' ‘errors anpd/or misunderstanding of ‘a’ concept mgé have not
been due to carelessness but rather involve complex ua logical
thought process. f

T learned that it is necessary to try many different types‘of examples.

to. be sure that a  c¢child really understands. Different types of

" difficulties arise with different problems.~

-Tryin% to beat the machine can ‘be cha11enging. Feedback is . extremely
an

impor in tryin to determine the error. It's difficult for me to
describe the error the machine doesn't care as long as I can pro_

.my . point through examples.

- ‘the.
"middle is learned ﬁreat deal labout the complexity of\student's
errors. I know that you students can get these preconceived notions
to find a pattern to _their

:er ‘s but there is and ‘I believe ¢t

W

/ \vt
Although it's hard to te'll from thes ‘pre and ~post ;

ut how to do things and it's verK har
at BUGGI convinced me of. [1t]. ...

That 1if you study the errors long enou h you can.glgﬂ%u%lly?come up
with a reasonable-splution as-to why the [error] “is occufpring. S

Appendix 2 e ‘ . “~\
. . . . . \l,‘

AThrou h looking carefully at children's math errors it is . sometimesg

-area or a concept the child does not under

possible tordiscover a pattern to them. fgis gattern will tell you an
and.

I 1learned that there could be more to a child's mistakés bther than
carelessness. . WOrking with children with ecial needs I  have
encountered any “such roblems yet _never s opped to analyze what
could be a syAtematic problem -- for this ‘I ‘thank you.

Children do hawe problems and _they are .very difficult to spot
especially _when : number of different operations areée used to come to
an answver., I've le ed to be more aware of ‘how these children reach
these "answers" and to~help them to correct them; first by knowing how

‘they arrived at the answer. . ‘ R

Although manyh arithmetic errors may be careless, there may also be a
€

pattern that kid is locked into. If you pick up on ‘a -pattern. you
can test the child to see 1f he/she conforms o it and work on it from

thege.. i _ . : : '
The types of analysis necessary to "debu " student errors on the test

(,paper/pencil) seems more difficult than with the computer. But "that:

doesn't make: any sense., The "analysis™ ought to be the same. Perhaps
the . computer motivated my analytical ability.
, . . ~

I found that I have looked closer at the problems, looking for a
relationship between the -set after working with BUGGY . : .

How to perceive problems, that don't .look too consistent a little

>

easier., How to have a good.time with-a computer. ~(I've only played

"tic-tac- toe at the Science Museum, and have .always wanted to do more).
Maochines ‘can be temperamental (when, pestered. by a .large number of
"students?) ‘ _ . ‘

T

- -8 =57

fere - ) . cn .
- . . . = Ty b



’ » N \

-1 learned and was exposed . to the many different types of’ problems\
children might have. I never realized the many different ways a child:
could devise his own, system to do a  problemn. I am now aware_ of »
roblems that could arise ‘and I'm sure this will help me [in] my
uture career as a teacher.

HOY to ‘more effect}vely detect "problems" students_ have with 'place
value.
3

‘That you can. find causes of a child's roblem without the child' 8' work
in front of ou. In looking for ¢t ,"bug" up and down aren't the
only possibilitlies, also diagonally. . I sup ose horizontally ~also.
How specifice the problem might be -- only works in one situation.

+I  have learned several new possible errors students may make in
computation. I have also 1learned Somewhat how to diagnose these
, errors, i.e. what to look for, and how specific errors can ‘be.

\I~ think I 1learned more about computers and how to use them. Also 1
learned about dia nosing math .difficulties. It makes me aware of
"problems that ildren have and they ‘'sometimes think logically, not .,
carelessly as sometimes teachers: think they do. -
T learned that computers are very complicated pieces of machinery If-
one isn't experienced with the mechanisms, then problems could result.

That computers can be an 4sset to the classroom 1s noti doubted, but 1
think many problems ¢&an result. They can add much to a classroom
until they start breaking down.

That Ythere are many. problems that youw can diagnose about a fchild/ by
"‘lookihg at his hHomework. ' e, -

"If" a child has regeatedly made [thel. samk mistakes, it is mﬁﬁe easilﬁ
m

identified if the eachem has ah opportunit to try. and e -[the
same mistakes. This method- can be solved a least quicker than...
Computers " are ¢oncise. Infonmation. can be gathered “and stored for

reference. ‘ o , '

Tuned in to picking up malfunctions. in simple addition and subtraction
" which seemed to be realistic problems. ’




- " " Appendix 3

“List of all responses to the question: .
What is yourﬂfeaction,to BUGGY? . : y

A
-

v

I think it would be a fantastic resource for a "school with a 1lot of .
money to spenﬂ _ , , ‘4 R

~Too -early to tell " But the potential seems stupendous. I enjoyed it
and- see ‘it as a powerful future tool T e

I like it. — ' o, , Sl e A
WOrking with a partner is good for being for ed to explain (defend)
your theory [as long as partner requires that]. Useful tool for those
with pretty good number ability. What about those who don t have good
feeling for numbers? . , ‘ : , :
Good!'!! ¢ Forces one to get very s edific answer ﬁo the problem. = You
can.be slightly wron% and then, rather moving way off  base 1in our
second theory as (o} the problem,' y pinpoint/modify your first
(assuming it's almost right). Bad. Jt's too much fun and I wasn't

might)

- . ;

b?ing very professional in mu usage (though under different situation
I

think this system is fantastic. "It's " a wonderful way to expose
peo (who are ‘involved with children) ‘to the problems children will

pro abl have. It might ,be especially useful with sSpecial 1learning
needs children. . ) : 1 o ' i ' ‘

It's great! When will it be in my "price”'range?
As  for the game itself it wquld havewbeen continued for:another ? or

hogrs.‘
think it's an excellent device for trying to diagnose some of the
difficulties found  in mathematics. For a teacher the t1me element --

having the machine diagnosis would be more practical

It's a nice toy.> ' : ' g ) T
) »

The. Bug is: great Makes you stop and think. _ .
I enjoyed the BUGGwaexperience extensively. .dSolying' or determining._‘~

errors was. mpoh eas}exmon the computer -- and fun too! e

1 enjo working e7'with BUGGY Hutlhwhen it breaks down iéiis ver{
frustra ing. This mi%ht be- difficult for children to understand tha

problems - with computers arise. Also it may be compl icated for
. younger children to understand how to ‘use it. High schoo students
may enjoy it . though, L i

1 think- BUGGY would be a def1n1te "plus" in the classroom but right ‘
now I feel there are too many "bugs" with BUGGY. Too many times id
“BUGGY. go crazy. / I find it amazin% though that' a machine can help -one-
detect problems. It sure is a-better way than the present. , 3

BUGGY makes one lébk at eachqproblem carefully and detect exactly what
a child cannot //or cannot\GOMprehend withou formal testing.

As far qs BUGG is concerned' -1 had. a‘'very good time ﬁ"playing" . with '

Y

BUGGY. t was quicker and\somehow easier than pencil and paper. It
took less concentration’ and was definitely more -efficient. Can A ~thkts
‘be  used as . a strictly diagnostic tool?' If S0, I think that BUGGT is~
great . )

He's a trip! Seriously, he! s-fine.1f you can master him in case he
‘decides to break down. ! N - g

I think BUGGY is a: good idea and would like ‘to hear more about it.

'_Q
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Itbks a prOgram that should be further ?esearqhed-and has excellent"
potential C ’ '

we

‘Great ex%erience in beginnin to play with com uters ‘-~ exercised
problem - focussing withou frustrating a with 1inadequate
pneparation. .

I think that BYGGY could be used to sharpen a teacher's awaréhéss of
different difficulties -with addition and subtraction. It might be fun

for the kidSato play such a gamq together, .
N . . . N } ‘7/-//'
) ' ‘ = . ~ L4
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Appendix U

d Exampl a lon Bu
\ ‘. ! ! “ ’
This ppendix presents descriptions and examples for the 55
simple subg ction ‘bugs which are modeled in ‘tlhe <current network.

ra
Man hese bugs were 'discovered while we wer loring data from
1300 ut g“\sth bug or

and 6th %rade Students. For each bu e l sted: (i)
the ansWer -it enera for the problem 15300 9%22' E the bug's
name; (iii) an additional Example where it _fai 1s;’ iv and ts
description. Many of these bugs can: be combiﬂed to produce different
symptoms., X ) - -
L . M )> ,

-

105778 'BORROW/FROM/ONE/IS/TEN 913- 7& 935 ’
aage gtuggnt writes 10 when s/he borrows from a column with a 1 in the
. p g < ) " . )

J
" 95778: 'BORROW/FROM/ONE/IS/NINE 113- 58
'1-When borrowin from 'a column which has a

. the 1 as if it were a 10 .

< 27998: ‘#*ADD/BORROW/DECREMENT, 143-28=135 ; L ‘
** When borrowing is necessary, 1nstead of subtracting 1 from the top digit

145 /
o ;

1 top, the student treats

,Of the next column, the student adds 1 Ko it. . K
‘24822: ®ADD/INSTEADOF/SUB, .18-5=123 . T
-.The student adds instead of subtracts. . S ’ F .
16888: *BORROW/NO/DECREMENT, [143-28=125 . - '
w en .the student needs to borrdw, he adds 10 to the top digit of the ‘
1ng 1 from the top digit Jf the next -

rent column without subtract
k column. : : 3 :
——
16878: *BORROW/ONCE/WITHOUT/RECURSE, 1250-1088=262 .
The student will only borrow once er problem. After that s/he will add
ten t the top number if it is smaller but will not borrow one from the
next cdlumn to the left. , C e :

: ~
,¥6778: ®*BORROW/ONLY/ONCE, 1250-3088=262 :
The student will onl borrow once per 'prdoblem. After that s/he will add .
ten to the top numbe if it is smaller but will not borrow one from the
next column to the 1lé¢ft. § » .
35778 JFORGET/BOR OW/OVER/BLANKS, 143-88= 1?5 -
The stﬁ?ent borrows correctly except ‘he doesn t take. 1 from the top
digits that are qver blanks. ' ) L

14822: %ADD/NOCAR Y/INSTEADOF/SUB, Co

E?,

v

253-1082351 ' “ .
The student adds w1thout carrying instead of subtracting‘

1N222 #SMALLER/FR M/LARGER 253-118= 1“5 A o .
The student subtrackts the smaller: digit in a column from the larger
digit regardless off which is om top. N

14222: #SMALLER/F OM/LARGER&LEFT/TEN/OK 1083-768= 325 ' s
~The student subtra ts the smaller digit in each column from the larger

regardless of which is on top. The exception is” that when 10 is in the
.left-most columns /of the top number 10 it is- treated as a :

single digit

14200: #SMALL /FROM/L%RGER&O-N:O
The student subtracts the smaller
digit regardléss of~which is on top
diﬁit -is 0, 0 is wr1tten as the a

203 - 98 205 -

igit in each column from,the‘l
The excegtion -I's that when t

\ wer for that €olumn, i.e.,

-0= 0, , 903418505 b
".in eacdh column from the larger
ardless of which is on top either ‘digit is a'0, s/he writes 0O in

answer for that col;nn.,

22: - ®*BORROW/DIFF/0-K=N&SMALL-LA 110 °
student dpesn{t)kno how to borr w._lf, digit in a ‘column is

®.
”

S A U Y
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the  student writes thi bottom di it in the answer ( 0-N=N ). If
e top digit-is smaller “than the b ttom digit, then 0 is writtgqn in
e answer. -

-

OOO "ZERO/INSTEADOF/BORROW 1MO 28 120 e
e student writes a 0 in any coLamn that re ujres: borrowing

48: 'MIX#UP/SIX/AND/NINE 3566-239=123
e student gets 6 -and 9 mixed up when reading the digits
the prdéblem, misre ding 6 for 9, and 9 for 6 .

98, "BORROW/FROM/L RGER, 143-58=105.
en- borrowing frgm column, the student borrows from the 1arger digit
sregarding whet er it is the top or the bottom digit

'BORROW/ACROSS/SMALLER/ADDING/TEN/UNTIL/BLANK/BOTTOM 71% 388 335
student borrows from the next column to the left:/that ha arger .
dif Any intervening columns have 10 added to- their toy digit. N

'BORROW/ACROSS/SMALLER/ADDING/ 563-388z185
tudent will only borrow from a co mn in which the top digit is d
r than the bottom digit. In the columns heé skips v
e the top di it is smaller ) he automatically adds 10 to the top

o

[0 <]
[0 <]

O AaE~l HE Ha O

)

Ul oo QoK

k3

o/ o
rf"!('D(ﬂ'

z; 'BORROW)ACROSS/SMALBER/ADDLNG/TEN/EXCEPT/Z 20“ 159=565
tudent borrows from the next column to .the 1le t "which has a larger
digit. { intervening columfis have 10 added to, their top digit. The
ptlon is hat .when 0 Iswgn top he writes the -

om. number in the answer; d.e., O0- N-N

® OXOT® HINMIS® O® KW S35~ O oDy

-~ ﬂ'O'U('DN RSO TO

@ o

: . "BORROWYFROM/ ZERO&LEFT/TEN/OK, 803- 508- 395
changes 0 to 9 without further borrowing unless the 0 is-

part of a* 10 in the left part of the top number.
5878: ) 'BORROW/FROM/ZERO 103-45=158 » Cp

|
=
]
w
ot
[~
[= 9
('D
°s
ot

When borrowing from a column who%e tog digjt is 0, the student writes 9,
but does not continue borrowing from the column to the left of the .0
5878 : "'spRROW/FROM/ALL/ZERo 203-98=205 SR | O
When borrowing from the student writes 9, but does not continue
borrowing from the colurnCta ine teft or tha 0 F 17 there 'are two 0's in
a row in the top number, both are changed to g's
{
5878: lBORROW/FROM/ZERO&LEFT/OK 305-296=109 - ;
When borrowing from 0 the student writes 9 but does not borrow from the
t column to the.left like s/he should. The exception is that when the
0 §s in the 2nd column from the.left and the top number has one more
digit than the bottom; then he sees both of the left digits as a
single number and subfracts one from' it correctly. ‘ T
5822: #DIFF/0-N= 140-21=121 e o ’
Whenever the top digit in a column is 0 the student writes the bottom
digit in the answer; i. e. 0-N=N. ] ' N
' - b
5822: #DIFF/0-N= N&LEFT/TEN/OK 908-395=693 o N
When there is a 0 on tops: the student writes the bottom digit in the:
answer. The exception is when the 0 is part of 10 in the left columns “of -
the top number. : - , SR
5822: ®#DIFF/0-N=N&N-Q=0, 302-192=290" RS : /”‘
The student gets O when subtraoting 0. from anything and also gets N :
taken from 0 is N. N Q . J 7
5800: . *DIFF/0-N=0, 140- 2tih20 S T ot ,;i .
Whenever the top diglt in “a column: 1s 0 “the student writes~0*;n_the ’
~apswer; i.e., 0-N=0. -~ : e s ,/ :
800: 'DIFF/O N= 0&1 N 1 323-138=215 -
When there is, 0 or tOp the- student writes it in the -answer.
- _ ] y :/
_5800: 'DIFF/W- O&N 308-293=105
.The :student writes in the amnswer when either the top or the bottom
digit is O . ‘L“'J:_-.;;(:‘.: . . . .
(R 62 L Dl e o
- 53 -+ . . SRR R
i ( o :
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1 ASRROW/FROM/BOTTOM/INS ADQOF/ZERO, 203 158 65 -
When bor wing from a column with 0 on top the student borrows from the
bottom digit Instead of the 0 on top.'In all other cases .the studert
borrows correctly - - ' - )

5788 'DON'T/DECREMENT/ZERO 603 138=475

When borrowing rom a column where the top digit is 0, the student \
‘rewrites the as 10 by borrowin§ from the next column to the left but -
forgets to change 10 to 9 when s/he adds 10 to the column 'which
originally needed. the. borrow

.5788: 'DON'T/DECREMENT/ZERO/EXCEPT/LAST

]

-

,. 10905-8916:1999
When borrowing from a ‘column in which the top%digit is 0, -the student
rewrites the as 10 by borrowin§ from the'nekt Golumn to the left but
forgets to change 10 to 9 when s/he adds 10 to the ‘column which
originally needed the* borrdw. The exception is that ‘when_10 is in the

*'left-most columgg of the t0p digit s/he decrements by 1

correctly when’ rrowing changing the 10 to a 9 ) . :
5788 : 'DON'T/DECREMENT/ZERO/UNTIL/BOTTOM/BLANK 304-259=55
The student forgets to change 10 to. 9 after borrowing from a column
which had 'a 0 on top. The exception is that when 0 is part of the left-
most part of the top number 1 s decremented correctly. .

5788 : ’STOPS/BQRROW/AT/ZERO 203-178=35 ) S

The student borrows from zero incorrectlzk,He doesnﬁt subtract 1 from
tho o, ‘@lthough he~adds 10 correctly to- the togydigit of the current
column ' :

5780 ®DIFF/0- N N/WHEN/BORROW/FROM/ZERO 1003 892 201 "
‘The student writes n in the answer when subtracting n from 0 ir s/he Lag%
would have to borrow from a column that)contains a 0 in tOp N

5778 'BORROW/ACROSS/SAME 603-108=405 ‘
The student will not borrow from the top digit of any columns where

the top and bottom difits are- the same number, Instead, s/he will

borrow from the top digit of the .next column.

‘

5778 'BORROH/ONLY/FﬁOM/TOP/SMALLER 295-872118. *
The student will -try to borrow onl¥ from those columns where the /b
digit is smallerathan the bottom digi If he can't find one, then,
borrowing is done properly. . . .
5778: ®BORROW/INTO/ONE=TEN, 321-89 221 .
When borrowing into a column whose top diglt is 1 ‘theﬂstudent‘gets 10 -
instead of 11 . ‘
5778: #DIFF/N- 0o, 403 208= 105 - . _
- Whenever the -bottom diglt 1n a column is 0, the studéhnt writes 0 in the
answer ( N-0=0.) : ¥ - R
EEEY . P~
5778 : 'DIFF/N N:N 235- 34:13 ! -
Whenever the. to d{ it in a column is the same as the bottom di it, the
‘.student writes g hat digit as the answver for that column, i.e., -N:N.
< 57P8: #N_N=1/AFTER/BORROW, 354-159=215 | .
The . student gets 1 when subtracting’n from n in a column that has been -
‘borrowed from.-‘That is, the student knows that he doesn't need to borrow

to subtraet n from n, but:-he feels he must do something with the
borrow, Qo s/he wrltes it in the answer. B,

L5778 'QUIT/WHEN/BOTTOM/BLANK ‘ 178 59=19 L .
The student/stops vorking the problem as . soon as the bottom number runs

out.

5778: ’STOPS/BORROW/NT/NULTIPLE/ZERO 1003 358 655
The student doesn't borrow from two. zeros in a row..S/he will just add
tén to the-column that reeds it without decrementing anything _

.5688:* ®MOVE/OVER/ZERO/BORROW, 304+75=139 ' .
"When. the student needs to borrow from a column whose top digit is 0, he
skips that column and borrows from the next one.

© 5678: ®ONCE/BORROW/ALWAYS/BORROW 662-357=205 . - =
- Once the student needs to borrow from a column, he continues to borrow -

3

-

- 94;\£x3 SRV ] o 'l.'f B

~




\

/“ . " . . ‘l
;nto every-column whether he needs to or not. ) , : o

5372: {SMALLER/FjOM/LARGER/wITH/BORROW, C143-24=111 ‘
When f ced,with¢bonrowin§; the student decrements the next qolumn
ecorr ly, but instead o adding ten to the ¢t digit - th urrent
- column, s/he simply subtracts the smaller digit from £fhe™ ger digit
even‘tﬁough the smaller digit i3 on top: - . -

4222: . ’BORROW/ACRpSS/SMALLER&SMALLER/FROM/LARGER, 543-358=115,

In each column where the smaller digit is on top, the student subtracts —
the smaller digit from . .the larger after first-borrowing one .
(unpecessarily in this case ) rom, the first column to the left in which
the top digit is larger. Hé then feels that he doesn't have to do any -

- more borrowing in the intervening columns, , e e

-

-,

/Ean't: *BORROW/FROM/BOTTOM, 196-68=148 : :ﬁ§ , \
When the .student needs to borrow, he borrows from 'the bottom - E
digit . of the next column ‘instead of the top digit of the next column,
Can't: ®BORROW/TREAT/ONE/AS/ZERO, 313-158=145 . L o
When borrowing- from a column that has 1 on top, the stuadent ‘'writes

9 and cqnttnues to borrow. That 'is s/he treats 1 as if it were 0 -
"because s/Qe doesn't like to make more O's in the top number. ’

Can't: ®BORROW/UNIT/DIFF, 196-68=110 _ N
When the student-'needs to borrow, he borrows the difference between the
bottog digit and the top digit of the current column. ' ‘

Can't: #ALWAYS/BORROW/LEFT) 602-137=37T5 o o . -
The student always subtractis all borrows from the left-most digit in the
top number, , ?, L -

Can't: ®BORROWAWONT/RECURSE) 108-99=Can't ‘ ' R T
When forced to borrow from a cdelumn whose top digit is 0, the studeﬂtw
gives up and says he cannot do-the problem. S : S

' Can't: ®WRITE/BOTTOM/LEFT/ALWAYS, .805-88=Can't S
When writing down the problem, the student left justifies the bottom
number. . : - - L »

Can't: *DOESN'T/BORROW,

‘ 1 Can'yg
- The student can't do a prob tr

equires borrowing. 7 .

’ \ B
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' o0 SRR ", Appendix 5° = - o
» . [ Bug Frequency Table - T
- £ -
The. 20 most frequent%y Qccurring bugs in -a group of 1325 students

e e e mpeememe———cm————————
57 students used the pgqcedure. 'BORROW/FROM/ZERO -
When borrowing from a column whbse top digit is 0, the student

writes.9, but does not continue borrowing from.}he ¢olumn to the /4:}
left of the 0 . _ .

et g
- - — -, e - - - - - - - - - N

5“ students uSed the procédure: 'SMALLER/FROM/LARGER

" The student subtracts the smaller=%¢gib4fh-a ‘column from the .
larger digit regardless of which one is on top. / o :

L

-—-------——_-—-—----_---_—-—--_—--—--q—-—-_

.50 sﬁbdéﬁts used the. Procedurer 'BQRROW/FROM/ZERO&LEFT/TEN/OK
“The student changes 0 to 9 without further borrowing unless the 0

nis part‘of.a 10 in- the left part of the t0p number. o
34 students used th '8;55;53;e ('DTFF/O/N N '
MOVE/OVER/ZERO/BORRO . i
Whenever the top digit in a column is 0, the student writes the
bottom digit in the- answer; i.e.,. 0-N=N.
When the student needs to borrow from a column whose top b
digit <48 0, he skips that column and borrows from -the next one.
— S - . A
14 students used th rocedure. (#DIFF/0-N=N" = =N
*STOPSABORROWYAT/ZERO? _ '
" Whenever the top digit in a column is O, the student writes the
bottom digit in the answer; i.e., 0-N=N. .
" The student borrows from zeéro incorrectlg“ He doesn! t :
subtrac% 1 from the 0 although he adds 1 correctly to the tdp - %
digit of the current column. ‘

13“students used the procedure' 'SMALLER/FROM/LARGER&Q -N=0 .

The student subtracts the smaller digit in each column fiom the
larger di, it regardless of which one is on top. The exception is that

when the digit is 0, a 0 i's written as the answer
for that co umn; i.e., 6 -
TE-SEEEEEES-Esed the EFSEeEE;E (*DIFF/0-N= 0 ’
®MOVE/OVER/ZERO/BOR
Whenever the top digit in a’ column is Q, the student writes 0 in -
the answer; i.e., 0-N=0.
‘When the student needs to borrow from a column whose top . :
- digit is 0, he skips that column and borrows from the next oneh

7 -

,'11 students used the procedure ('BORROW/FROM/ZERO 'DIFF/N 0= 0)

Hhen borrowing from a column whose top digit is 0,, the student
~writes 9 does 'not ‘continue borrowingcfrom the' column to the
Lt ka6 &
-Whenever the bottom digit in a column is 0, the student -
writes 0 in the answer- i.e.,u —0-0

10*students used the procedure 'DIFF/O N= O&N 0 0o - .

The student writes Oain the answer when éither the top or the

bottom digit is O . , - - .




. &

10 students used theégfocedure ('BORROW/FROM/ZERO !DfEP/o N= N)

When borrowing ﬁgom column -Whose top digit is 0, .the "student
Yr%ges 9£hbut does ndt conmtinue borrowigg from the column to the
e of e
Whenever the tog digit in a column is 0, “the stu’ent writes,
the bottom digit in the answer, i.e., 0-N=N.
- ,

10 students used: the procedure 'MOVE/OVER/&FRO/BORROW . g

When, the student needs to borrow from a column whose top digit is
O, he skips that column: and borrows from the next qQnrie. ,

10 'students used the procedure 'DIFF/N 0=0

Whenever the bottom digit in a column is 0, the student writes 0
in the answep; i.e., N-Q=0. . - . .

10 students used the procedure ®DIFF/0-N= N

‘Hhenever the top digit in a column is- 0, the stugdent yrites- the
bottom digit in the answer; i.e., O-N:N » _ - '
' -_--.A.-.._._‘_'. ................... [ S )

9, students used the procedure: 'DIFF/O N= N&LEFT/TEN/OK :

When there is a 0 on top, the student writes'tﬁe bottom di
the. angswer, The exceéption’ is when the “isf@art of 10 in t £~E§?t
columns of the top number.,

a2,

8 students used the procedure 'BORROW/FROM/ALL/ZERO

When borrowing from 0 the student writes 9 but does not C .
continue borrowing from the column to the left of the 0. If TN

"there. are two O's in a row in the top number, both are changed to
‘gls ‘% . )
o 'vaf S L :
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